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Abstract

The Review covers recent progress in laser-matter interaction at intensities above 1018 W cm−2.
At these intensities electrons swing in the laser pulse with relativistic energies. The laser electric
field is already much stronger than the atomic fields, and any material is instantaneously ionized,
creating plasma. The physics of relativistic laser-plasma is highly non-linear and kinetic. The
best numerical tools applicable here are particle-in-cell (PIC) codes, which provide the most
fundamental plasma model as an ensemble of charged particles. The three-dimensional (3D)
PIC code Virtual Laser-Plasma Laboratory runs on a massively parallel computer tracking
trajectories of up to 109 particles simultaneously. This allows one to simulate real laser-plasma
experiments for the first time.

When the relativistically intense laser pulses propagate through plasma, a bunch of new
physical effects appears. The laser pulses are subject to relativistic self-channelling and
filamentation. The gigabar ponderomotive pressure of the laser pulse drives strong currents
of plasma electrons in the laser propagation direction; these currents reach the Alfvén limit
and generate 100 MG quasistatic magnetic fields. These magnetic fields, in turn, lead to
the mutual filament attraction and super-channel formation. The electrons in the channels
are accelerated up to gigaelectronvolt energies and the ions gain multi-MeV energies. We
discuss different mechanisms of particle acceleration and compare numerical simulations with
experimental data.

One of the very important applications of the relativistically strong laser beams is the fast
ignition (FI) concept for the inertial fusion energy (IFE). Petawatt-class lasers may provide
enough energy to isochorically ignite a pre-compressed target consisting of thermonuclear
fuel. The FI approach would ease dramatically the constraints on the implosion symmetry
and improve the energy gain. However, there is a set of problems to solve before the FI will
work. The laser pulse cannot reach the dense core of the target directly. The laser energy
must be converted into fast particles first and then transported through the overdense plasma
region. The energy spectra of the laser-generated particle beams, their emittance and transport
problems are discussed here.
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The laser–particle interaction at relativistic intensities is highly non-linear and higher laser
harmonics are generated. In plasma, the high-harmonic generation is a collective effect—it
appears to be quite effective when an intense laser pulse is reflected from the overdense plasma
layer. The plasma boundary is then driven by the laser ponderomotive force and works as a
relativistically oscillating mirror.

Another interesting application is the amplification of short-pulse laser in plasma by a
counter-propagating pump pulse. 3D PIC simulations suggest that multi-terawatt pulses of
sub-10 fs duration can be generated this way.
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1. Introduction

The maximum achievable laser powers were growing fast over the last ten years and have
reached the petawatt (1015 W) values in a single shot [1,2]. This enormous power is comparable
to that consumed constantly by the whole of mankind on the earth. Of course, these powerful
laser pulses last for an extremely short time, from a few femtoseconds (1 fs = 10−15 s) to a
picosecond (1 ps = 10−12 s). Let us now recall that one cycle of the infrared light emitted
by these lasers is about 3 fs (3.3 fs for light with λ = 1 µm). It means that these laser pulses
represent just a few cycles of radiation. It is this short-pulse duration that allows for the
extremely high powers, while the energy remains in a reasonable range from millijoules to
some hundred joules.

The technology of ultra-short pulse lasers is known as the chirped pulse amplification
(CPA) [3]. Here, an initially short seeding pulse is stretched in time by letting it pass through
a dispersive element (stretcher), e.g. a set of diffraction grids. The pulse is decomposed into
its spectral components. Each spectral component travels a slightly different way depending
on its wavelength, and the pulse is stretched in time. It also gains a spectral ‘chirp’: the pulse
frequency changes continuously from its head to the tail. The stretched pulse has a lower
power and can be linearly amplified in a conventional way. The amplified pulse pertains to
the chirp and is compressed back to the original short duration by another dispersive element
(compressor) conjugated to the stretcher.

Before the invention of the CPA, laser pulses could be focused only in the two transverse
dimensions by corresponding sets of lenses. The CPA technology has allowed, for the first time,
the compression of the laser pulses in the third, longitudinal dimension, and this technological
breakthrough has immediately led to a jump in the achievable powers and focused intensities.
The petawatt shots, where an adaptive mirror has been employed, have resulted in the focal
intensity I = 1021 W cm−2 [2].

1.1. Atomic fields and laser pulses, optical field ionization

The high intensity also means immense electric and magnetic fields. We may compare electric
fields of the laser pulses with the inner-atomic ones. The electric field operating at the first
Bohr orbit of a hydrogen atom is

Ea = e

a2
b

= 5.1 × 109 V cm−1, (1)

where

ab = h̄2

mc2
= 5 × 10−9 cm (2)

is the Bohr radius. The field (1) corresponds to the laser pulse intensity

Ia = cE2
a

8π
= 3.4 × 1016 W cm−2. (3)

The laser field can ionize atoms, and the mechanism of ionization depends on how intense
the particular laser pulse is. The dimensionless parameter important here is the Keldysh
parameter � [4]:

�2 = Ui

2εos
, (4)

where Ui is the ionization potential and

εos = eE(1 + α2)

4mω2
(5)

Author: inner or inter??

inner-inner-  is correct!
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Figure 1. The simple picture of BSI: (a) electron at the level −Ui in an unperturbed atom;
(b) a strong optical field is applied.

is the quiver energy of an electron in a laser pulse with the electric field E and carrier frequency
ω; α is the polarization degree of the laser pulse such that α = 0 for a linear polarization and
α = 1 for a circular one.

For large values of the Keldysh parameter, � � 1, the multi-photon ionization dominates.
In the opposite case, � � 1, the optical field ionization (OFI) leads to an almost instantaneous
freeing of the electron and plasma formation. The simplest quasi-classical picture of OFI is the
so-called barrier suppression ionization (BSI). An electron is sitting in an initially unperturbed
potential of the atom’s nucleus at the energy level −Ui , see figure 1(a). The electric field of
the laser can be considered to be static, because the laser frequency is usually much lower
than the frequencies of atomic transitions. The laser field tears the atomic potential and
suppresses the potential barrier, which keeps the electron in the nucleus vicinity. When the
laser field is strong enough, the barrier is suppressed below the electron energy level and the
electron becomes free, figure 1(b). This threshold laser intensity can be easily calculated [5]:

IBSI(W cm−2) = 4.00 × 109U 4
i (eV)

Z2
, (6)

where Z is the nucleus charge.
Of course, the model (6) is quasi-classical and oversimplified. One must remember that the

quantum distribution function of the electron allows it to tunnel under the barrier and leave the
atom before the electric field reaches the threshold (6). We refer here to the more elaborate
theory of Ammosov–Delone–Krainov (ADK) [6]. However, the barrier thickness grows fast for
electric fields below the threshold value (6) and in many practical cases the simple formula (6)
gives a good estimate.

1.2. Free electron motion in an electromagnetic wave. Relativistic threshold

Intensities corresponding to the ionizing fields (6) are below 1016 W cm−2 for electrons
occupying the outermost shells of atoms. This means that when the highly intense laser pulses
interact with matter, the ionization is completed by the very foot of the pulse and the central
portion of it already interacts with plasma consisting of free electrons and ions. The interaction
of a free charged particle with an electromagnetic wave is of fundamental importance here.

1.2.1. Plane electromagnetic wave. Let us first consider the simplest configuration of a plane
electromagnetic wave travelling in the positive Z-direction:

a(ζ ) = a0(ζ ) cos kζ, (7)



Review Article R7

where

a = eA
mc2

(8)

is the relativistically normalized laser vector potential, ζ = z − ct , k = 2π/λ, and λ is
the wavelength. We are working in the Coulomb gauge and set the scalar potential of the
electromagnetic wave equal to zero, φ(ζ ) = 0.

Although the exact solution of this problem can be found in the literature (see, e.g. [7,8]);
we present, here, some simple fundamental results.

The wave (7) has two important symmetries, each of them leads to an integral of motion
preserved during the charged particle motion. First, the fields (7) do not depend on the
transverse coordinates. This results in the conservation of generalized transverse momentum:

P⊥ = P⊥ + amc = const., (9)

where P⊥ = mγv⊥ is the kinetic momentum, and γ = 1
√

1 − (v/c)2 is the relativistic factor.
Second, the laser pulse is a wave running with a constant phase velocity vph, which in

vacuum is vph = c. This symmetry generates the second integral of motion:

W = K − pzc = const., (10)

where K = (γ − 1)mc2 is the particle kinetic energy.
Having the two integrals (9) and (10) we can already calculate the particle energy and

momenta as a function of the laser amplitude. Let us take a particle that has been at rest before
the laser pulse overtook it. In this case, both the integrals are zeros and we find

pz = p2
⊥

2mc
, (11)

K = a2

2
mc2. (12)

From the expression for the kinetic energy K , we see that a particle quivering in a laser
pulse gains energy comparable with its rest energy mc2, when the normalized laser amplitude
becomes close to unity: a0 = 1. When we normalize to the electron mass, this amplitude
corresponds to a laser intensity

I0λ
2 = 1.37 × 1018 Wµm2 cm−2. (13)

The intensity I0 is generally considered as the threshold to relativistic laser–plasma interactions,
because the bulk of plasma electrons start to oscillate at relativistic velocities. Notice that the
relativistic intensity (13) scales as λ−2. This gives 1018 W cm−2 for a glass laser with λ = 1 µm
and only 1016 W cm−2 for a CO2 laser with λ = 10 µm.

An exact form of the particle trajectory in a plane wave can also be found analytically, if
one introduces the ‘particle internal time’ s = ωt/γ . For a plane wave with the amplitude a0

and linear polarization in the X-direction, the trajectory in normalized coordinates ζ, η, τ is

ζ = kz

a2
0

= 1

8
(2s − sin 2s), (14)

η = kx

a0
= cos s, (15)

τ = ckt = s +
a2

0

8
(2s − sin 2s). (16)

The trajectory (14)–(16) is shown in figure 2. It is self-similar and does not depend on
the laser amplitude in the coordinates (ζ, η, τ ). However, when we transform back to the
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Figure 2. The self-similar trajectory of an electron in a plane electromagnetic wave.

physical coordinates, we find that there is a significant difference in the particle motion
at non-relativistic, a � 1, and relativistic, a > 1, amplitudes. Mention, that while the
particle excursion in the polarization direction scales like the laser amplitude, η ∼ a0, the
longitudinal one scales like the amplitude squared, ζ ∼ a2

0 . Thus, at low intensities, particles
oscillate mainly in the polarization direction with a small ponderomotive drift in the laser
propagation direction. With the transition into the relativistic regime, the particle motion
becomes predominantly longitudinal. The laser ponderomotive force, v⊥ × B, pushes it
forward.

As we see from (12), a free electron in a plane electromagnetic wave can get a lot of
energy, proportional to the intensity of the wave. At the intensity level of 1021 W cm−2

one might expect GeV electron energies. Although this value sounds impressive, we must
concede that the simple acceleration in vacuum is barely ineffective. From the expression (16)
we see that the time needed to reach this energy also scales like the laser intensity. Thus,
the mean accelerating force 〈F 〉 acting on a relativistic particle in vacuum saturates at a level
F/mcω < 2. The reason for this unexpected failure is the traitorous behaviour of the particle
transverse velocity. Namely, it rises first at non-relativistic intensities, v⊥/c ∼ a0 for a0 � 1,
reaches its maximum v⊥/c at a0, and then surprisingly goes down inversely proportional to
the amplitude, v⊥/c ∼ 1/a0 for large a0! As consequence, the v⊥ × B force does not grow
anymore, no matter how intense the laser pulse is.

1.2.2. Focused laser pulses. The laser pulses at the extreme intensities are by far not plane
waves, but are tightly focused. Near the focal plane, we may write

a = a(ζg, r) cos kζph, (17)

where ζph = z−vpht , ζg = z−vgt , vph > c and vg < c are the phase and the group velocities,
respectively. It is important to mention here that a focused electromagnetic wave has not only
the transverse components of the vector potential, but also the longitudinal one:

∂zaz = −∇⊥ · a⊥ (18)

This follows immediately from the Coulomb gauge condition ∇ · a = 0.
When the focused laser pulse interacts with particles in vacuum, the particles get scattered

out from the focal spot. Unfortunately, there is no general exact analytic solution in this case.
However, at low laser intensities a � 1, the equation of motion can be averaged over the fast
laser oscillations and the so-called relativistic ponderomotive force (RPF) is introduced [103]:

1

mc

dp̄
dt

= −∇ ā2

2
, (19)
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(a) (b)

2

1

Figure 3. Scattering of an electron by a focused laser pulse (taken from [9]). (a) a0 = 0.3, curve 1
includes the longitudinal field, curve 2 neglects it; (b) a0 = 3, final transverse momenta of scattered
electrons (see text for further details).

where p̄ is the electron momentum averaged over the laser period. The RPF concept is a valid
description provided the wave amplitude varies slowly with respect to the wave phase, so that
a multiple scale analysis of the particle motion makes sense.

Equation (19) is independent of the laser polarization and works in such a way that electrons
are expelled from the regions of high intensity. If one takes a laser pulse focused into a round
spot, the electron scattering is radially symmetric, no matter what the laser polarization is.

Quesnel and Mora [9] have performed extensive numerical simulations of laser pulse
interaction with electrons in vacuum. They found that it is the small longitudinal component
of the vector potential (18) that makes the scattering radially symmetric. Figure 3(a) taken
from their work [9] shows an electron trajectory scattered by a linearly polarized laser pulse
focused in a Gaussian spot a = a0 exp(−r2/σ 2 − ζ 2/(cτ)2) with a0 = 0.3, σ = 10 µm,
τ = 200 fs. Curve 1 gives the scattering including the longitudinal component of the vector
potential, it practically coincides with the ponderomotive model. For comparison, curve 2
has been calculated discarding az and results in electron confinement within the plane of laser
polarization.

The RPF concept remains valid even at higher laser intensities. Equation (19) then takes
the form [9, 10]:

dp̄
dt

= −mc2

γ̄
∇γ̄. (20)

Figure 3(b) shows the final transverse momentum of electrons scattered by a laser pulse with
a0 = 3, σ = 10 µm, τ = 350 fs. Although the laser pulse was linearly polarized, the scattering
is nearly symmetric.

Quesnel and Mora [9] have introduced the dimensionless parameter α = kσ/(1 − vz/c),
where vz is the longitudinal velocity of the electron. The scattering is ponderomotive if the
parameter α � 1. In the opposite case, α > 1, the electron motion is more complicated and
asymmetries due to the polarization appear.

1.3. Ion relativistic threshold

In the previous section we have discussed electron motion in laser fields. Electrons are the
lightest charged particles, they absorb most of the laser energy and reach the relativistic regime
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first. One may repeat the calculations for ions as well and use in (8) an ion mass instead of
the electron one. Taking, e.g. protons, we find that the corresponding relativistic intensity
threshold is

Ip =
(

Mp

m

)2

I0 ≈ 5 × 1024 Wµm2 cm−2. (21)

The intensity (21) is far beyond the present laser technology. However, the new concepts of
optical parametric amplification (OPA–CPA) [11] might make even these fantastic intensities
technologically feasible.

At the ‘electron relativistic intensity’ I0 (13), protons oscillate in the laser field with merely
some 100 eV energy. Any energetic ions observed in laser–matter interaction experiments till
now have been accelerated not directly by the laser field, but by plasma fields induced by the
laser-heated electrons.

1.4. Vacuum breakdown

In the previous sections we have considered different natural intensity levels comparing the laser
fields with atomic ones (3), with electron (13) and proton (21) relativistic thresholds. We find
the next important intensity level when the laser fields become so strong that even the vacuum
itself cannot withstand it anymore. One might call it the quantum electrodynamics (QED), or
‘the vacuum breakdown’ threshold. This happens when the electric field work on a distance
of the Compton wavelength for an electron λk = h̄/mc compares with its mass. This field is
strong enough to convert the virtual electron–positron pairs always present in vacuum in real
ones. This electric field is

EQED = m2c3

eh
(22)

and it corresponds to the intensity

IQED = I0
λ2

λ2
k

≈ 8.1 × 1030 Wµm2 cm−2, (23)

where I0 is the relativistic intensity threshold (13) for a laser with wavelength λ. To realize
how huge this value is, let us suppose we have a laser pulse with 1 µm wavelength and duration
of 3 fs focused (in all three dimensions!) to a volume of only 1 µm3. Even for these extremely
optimistic parameters one needs more than a megajoule of energy. For comparison, there are
only two laser systems in the world (still under construction) that will be able to generate
megajoule pulses: National Ignition Facility (NIF) in the USA and the Laser Megajoule in
France. A new and significant technological invention must yet happen for the intensities like
(23) to become feasible.

2. Numerical simulation of relativistic laser-plasma. Particle-in-cell method

As we have seen in the previous section, the relativistically intense laser pulses,
I > 1018 W cm−2, ionize atoms directly by the optical field, and any material becomes plasma
almost immediately. The motion of the freed electrons, (14)–(16), is highly non-linear and so
is the laser–plasma interaction at these intensities. Because of the extreme nonlinearities only
a few examples of accurate analytic solutions exist. Generally, one is forced to use numerical
simulations.

During the past decades, particle-in-cell (PIC) methods have proved to be a very reliable
and successful method for kinetic plasma simulations [12–15]. This success of PIC codes
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relies to a large extent on the very suggestive analogy with the actual plasma. The plasma in
reality is an ensemble of many individual particles, electrons and ions, interacting with each
other by the self-consistently generated fields. The PIC code is very similar to that, with the
difference that the number of the numerical particles, or macroparticles we follow in the code,
may be significantly smaller. One may think as if one numerical ‘macroparticle’ is a clump, or
cloud, of many real particles, which occupy a finite volume in space and all move together with
the same velocity. The consequent conclusion is that we have a ‘numerical plasma’ consisting
of heavy macroparticles, which have the same charge-to-mass ratio as the real plasma electrons
and ions, but substitute many of those. This simplified point of view is straightforward, very
intuitive and not always incorrect. However, here, we will try to gain a somewhat different
view of the PIC simulations.

2.1. The basic equations

First, let us formulate the problem we are going to solve by means of electromagnetic and
kinetic simulations. Thus, we are solving the full set of Maxwell’s equations:

∂tE = c∇ × B − 4π j, (24)

∂tB = −c∇ × E, (25)

∇ · E = 4πρ, (26)

∇ · B = 0, (27)

where we use the CGS units, c is the speed of light in vacuum and ρ is the local charge density.
Let us stop for a moment at this very fundamental system of equations. The electric and

magnetic fields, E, B, evolve according to the time-dependent equations (24) and (25) with the
source term in the form of the current density j. This current is produced by the self-consistent
charge motion in our system of particles. It is well known (see, e.g. [27]) that the Gauss law (26)
together with the curl-free part of equation (25), lead to the charge continuity equation

∂tρ + ∇ · j = 0. (28)

The opposite is true as well. If the charge density always satisfies the continuity equation (28),
the Gauss equation (26) is fulfilled automatically during evolution of the system, if it was
satisfied initially. The symmetric consideration is valid for the magnetic field B. As we do not
have magnetic charges, equation (27) always remains valid, if it was valid initially.

This means, we may reduce our problem to a solution of the two evolutionary
equations (24) and (25) considering equations (26) and (27) as initial conditions only. This
appears to be a very important and fruitful approach. PIC codes using it have a ‘local’ algorithm,
i.e. at each time step the information is exchanged between neighbouring grid cells only. No
global information exchange is possible because the Maxwell’s equations have ‘absolute future’
and ‘absolute past’ [7]. This property makes the corresponding PIC codes perfectly suitable
for parallelizing and, in addition, the influence (of always unphysical) boundary conditions is
strongly reduced.

2.2. Vlasov and PIC codes

Now we have to define our source term, j. In general, for this purpose, we have to know the
distribution function of plasma particles

FN(x1, p1, . . . , xn, pn). (29)

Author: Please check changes made Thank you! The changes are OK.

28),
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It defines the probability of an N -particle system to take a particular configuration in the
6N -dimensional phase space. Here xn, pn are coordinates and momenta of the n-th particle.
The function (29) provides the exhaustive description of the system. However, as it is shown
in statistical physics (see, e.g. [28]), the single-particle distribution function for each species
of particle may be sufficient to describe the full system. The sufficient condition is that
the interparticle correlations are small, and can be treated perturbatively. The equation,
which governs the evolution of the single-particle distribution function f (x, p) is called the
Boltzmann–Vlasov equation [29]:

∂tf +
p

mγ
∇f +

F
m

∇pf = st, (30)

where m is the single-particle mass of the corresponding species, γ =
√

1 + (p/mc)2 is the
relativistic factor, F is the force, and st is the collisional term (interparticle correlations).

The kinetic equation (30) on the single-particle distribution function is six-dimensional
(6D) and still complicated. It is a challenge to solve it analytically, and we have to solve it
numerically in most cases. What could be the appropriate numerical approach here?

At first sight, it seems that the most straightforward and relatively simple approach is
to solve the partial differential equation (30) using finite differences on the Eulerian grid in
phase space. Indeed, this approach is pursued by several groups [30,31], and gains even more
popularity as the power of available computers grows. One of the potential advantages of
these Vlasov codes is the possibility of producing ‘smooth’ results. Indeed, the Vlasov codes
handle the distribution function, which is a smoothly changing real number already giving the
probability of finding the plasma particles at the corresponding point of the phase space.

The Vlasov codes, however, are very expensive from the computational point of view, and
even one-dimensional (1D) problems may demand the use of parallel super-computers. The
reason, why these codes need so much computational power, becomes clear from figure 4(a).
It shows, schematically, the mesh one would need for a 1d1v Vlasov code. The notation 1d1v
means, that the code resolves one spatial coordinate and one coordinate in the momentum
(velocity) space. The dashed region is to represent the part of the phase space occupied by
plasma particles, where the associated two-dimensional (2D) distribution function f (x, px)

is essentially non-zero. The unshaded region is empty of particles, and nothing interesting

plasma distribution function

void phase space

X

P

plasma distribution function

sampling by numerical macro-particles

X

P
(a) (b)

Figure 4. Kinetic plasma simulations. (a) Vlasov method: Eulerian grid in phase space; (b) PIC
method: numerical macroparticles mark the distribution function.
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happens there. Nevertheless, one has to maintain these empty regions as parts of the numerical
arrays, and process them when solving equation (30) on the Eulerian grid. This processing
of empty regions leads to enormous wasting of computational power. This decisive drawback
becomes even more with increase in the dimensionality of the problem under consideration.
The efficiency of Vlasov codes drops exponentially with the number of dimensions, and
becomes miniscule in the real 3d3v case, when one has to maintain in the memory and process
a 6D mesh, most of it just empty.

Now let us show that there is another, presently more computationally effective, method to
solve the Boltzmann–Vlasov equation (30). This is the finite-element method. The principle is
illustrated in figure 4(b). Again, imagine some distribution function in phase space (the shaded
region). Now, let us approximate, or sample, this distribution function by a set of finite phase-
fluid elements (FPFE):

f (x, p) =
∑

n

W ph
n Sph(x − xn, p − pn), (31)

where W
ph
n is the ‘weight’ of the FPFE, and Sph(x, p) is the ‘phase shape’, or the support

function in phase space. The centre of the FPFE is positioned at xn, pn. We are free to make
a particular choice of the support function. For simplicity, we choose here a 6D hypercube:

Sph(x, p) = 1, |xα| <
�xα

2
, |pα| <

�pα

2
, α = x, y, z, (32)

where �xα is the FPFE size along the j -axis in configuration space, and �pα is the FPFE size
along the pα-axis in momentum space.

The ‘phase fluid’ transports the distribution function along the characteristics of the
Boltzmann–Vlasov equation (30) (see, e.g. [32]). Thus, we have to advance the centres of
FPFE along the characteristics:

dtxn = p
mγ

, (33)

dtpn = F + Fst, (34)

where Fst is the effective ‘collisional’ force due to the collisional term in equation (30).
The FPFE follow the evolution of the distribution function in phase space. Of course, the
equations (33) and (34) are the relativistic equations of motion of particles! Thus, the FPFE
method is equivalent to the PIC method.

The significant advantage of the finite element method over the Vlasov codes is that one
does not need to maintain a grid in the full phase space. Instead, our FPFE sample (or mark)
only the interesting regions, where particles are present, and something important is going on.
We still do maintain a grid in the configuration space to solve the field equations (24) and
(25), but this grid has only three (and not six as in the Vlasov case) dimensions. Thus, PIC
codes may be considered as ‘packed’, or ‘Lagrangian’ Vlasov codes. Moreover, the FPFE is
even more fundamental than the Boltzmann–Vlasov equation itself, because it may be easily
generalized to the case when one macroparticle corresponds to just one real particle, and when
interparticle correlations are not small. The corresponding codes are usually called P3M:
particle–particle–particle–mesh codes [15].

As soon as we consider our macroparticles not simply as ‘large clumps of real particles’,
but as finite elements in phase space, we discover, that there is no fundamental obstacle to
the simulation of a cold plasma. Moreover, it is in this case that the finite elements approach
becomes effective computationally and superior to the Vlasov codes. The phase space of a cold
plasma is degenerate. The particles occupy a mere 3D hypersurface of the full 6D phase space.
Evidently, this hypersurface can be accurately sampled even by a relatively small number of
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macroparticles (FPFE). As the system evolves, this surface deforms, stretches and contracts,
but remains degenerate and 3D, unless any heating (diffusion in phase space) is present. There
is a full stock of interesting physical phenomena in relativistic laser–plasma interactions that
one would like to study, where the physical collisional heating is negligible. Unfortunately, the
numerical heating present in the ‘standard’ PIC codes [14] leads to an unphysical numerical
diffusion in phase space, which spoils the picture. The code able to simulate initially cold
plasma must be energy conservative.

2.3. The code Virtual Laser Plasma Laboratory

Historically, the 2D code ZOHAR developed by Langdon and Lasinski [17] and the 3D
code TRISTAN developed by Buneman [16] were the first multi-dimensional relativistic
electromagnetic PIC codes for plasma simulations. The 2D code ZOHAR appeared to be
particularly successful as 2D problems were much easier to handle on the computers of those
days. Still, the 2D mesh allows us to study some multi-dimensional effects. As an example, we
mention here the pioneering simulation of Wilks et al [18] showing the possibility of channel
boring through overdense plasma layer by the laser light pressure.

The PIC codes appeared to be so effective for simulations of laser–plasma interactions in
the relativistic short-pulse regime, that research groups at different places have developed their
own multi-dimensional PIC codes. The main progress has been achieved using parallelization,
when the simulation domain is distributed on a grid of individual processors [19]. Different
parallel PIC codes for laser–plasma interactions exist now. We may mention the codes OSIRIS
[20] and PEGASUS [21] from the UCLA group, the code REMP written by Esirkepov [22],
a 2D PIC code maintained by Adam at Ecole Polytechnique [23], 3D PIC codes written by
Ruhl [25], by Sentoku [24], and clearly other codes exist as well. Although it seems that all
these codes produce similar results, there was no attempt to gauge all of them against each other
and no single 3D PIC ‘volkscode’ for laser–plasma interaction exists in the public domain.
We mention separately the PIC code WAKE of Mora [26], which uses the ponderomotive
approximation for electrons and the envelope approximation for laser pulses. The code WAKE
has proved to be very effective when applied to modelling of moderately intense laser pulses
propagating in tenuous plasmas.

The Virtual Laser Plasma Laboratory (VLPL) is an energy conservative fully
electromagnetic 3D relativistic PIC code [33]. It is written using the message passing
interface (MPI) to run on massively parallel processors (MPP). When the code VLPL runs
on 512 processors of CRAY-T3E at Rechenzentrum Garching, we use up to 109 numerical
macroparticles and grids with up to 108 cells, figure5.

These huge numbers of numerical particles have allowed us to simulate for the first time
actual laser–plasma experiments using a PIC code, based on the first-principles equations for
the fields (24)–(27), and for the particles:

dp
dt

= eE +
e

c
v × B, (35)

dx
dt

= p
γm

, (36)

both for electrons and ions. The code VLPL also includes OFI in the simplest BSI model.
This allows us to start simulation from a neutral gas and observe, e.g. effects of ionization
defocusing.

We must notice here that even inspite of the huge computational power, the direct PIC
simulations of laser–plasma interaction become possible because of the very short laser pulse
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Figure 5. The usual simulation geometry of the VLPL code.

duration. Our laser pulses consist of only 10–100 optical cycles, and it is this property that
allows us to apply the fully electromagnetic PIC code that resolves the laser wavelength. For
long laser pulses one is still forced to use an envelope approximation.

The direct PIC simulations are able to reproduce experiments. They are very detailed. In
fact, they are about as complicated as the experiments themselves. However, the simulations
have a significant advantage: we can apply any kind of numerical diagnostics one can only
imagine. This provides a highly appreciated insight in the non-linear processes of laser–plasma
interaction at relativistic intensities.

3. Relativistic self-channelling of light in plasmas

A relativistically intense laser beam propagating in an underdense plasma modifies the plasma
permittivity and the refractive index:

n2
rel = ε = 1 − ω2

p

ω2
, (37)

where ω2
p = 4πne2/γm is the relativistically corrected plasma frequency. The relativistic

mass γm of electrons quivering in the laser pulse increases. In addition, the ponderomotive
force of the laser pulse pushes the plasma electrons radially out of the focal spot. Both
these effects diminish the local plasma frequency and increase the plasma refractive index
(37). The medium then acts as a positive lens. One may show that when the laser power P

exceeds the critical value

Pcr ≈ 17

(
ω

ωp

)2

GW, (38)

the laser pulse experiences relativistic self-focusing and channels through the plasma. This
has been established both theoretically [34–37] and experimentally [38, 39].

The power (38) is not too high. Multi-terawatt and petawatt lasers may easily exceed
it by a few orders of magnitude. In this case, the laser has enough power to generate not
a single, but multiple channels. This effect has been studied in the envelope and paraxial
approximations [40] and is known as the relativistic filamentation.
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3.1. Magnetic self-focusing at relativistic intensities, super-channel formation

The threshold for relativistic self-focusing/filamentation depends on the laser power only. One
may start at pretty low laser intensities. Yet, when the laser pulse is wide enough to satisfy
the condition on the power (38), self-focusing occurs. The analytical theory of self-focusing
has been developed in the weakly relativistic approximation, a < 1. When the laser intensity
overcomes the relativistic threshold (13) new physical effects appear.

As we have already discussed, trajectories of electrons quivering in the laser pulse,
(14)–(16), change qualitatively when the laser amplitude becomes relativistic, a > 1. At
these intensities, the v × B force of the laser pulse drives electrons forward, in the light
propagation direction. In plasma, all electrons trapped in the laser channel are driven, and
each laser filament carries a strong electron current.

These currents of relativistic electrons pushed forward by the laser pulse magnetize the
plasma. The current densities amount to a sizeable fraction f of enc, where n is the background
electron density, and generate quasistatic magnetic fields Bs

⊥ = (f ene)2πr at a distance r from
the axis of a current filament. The field Bs

⊥ may become as strong as the magnetic field of
the light wave itself, which is B = aB0 in units of B0 = mcω/e. For light of wavelength
λ = 2πc/ω = 1 µm, one obtains B0 = 107.1 MG. In units of B0, the quasistatic magnetic
field has the form

Bs
⊥

B0
=
(

f ne

ncrit

)
πr

λ
(39)

and is of order B0 when ne approaches the critical density ncrit = πmc2/(eλ)2. Notice that
the cyclotron frequency ωc corresponding to Bs

⊥ satisfies ωc/ω = Bs
⊥/B0 and may become

resonant with the light frequency, affecting the index of refraction.
In this complex situation, a qualitatively new behaviour was observed in 2D [41] and 3D

PIC simulations [42]. It was found that the quasistatic magnetic field may become strong
enough to pinch the relativistic electrons. The co-directed currents flowing in laser filaments
magnetically attract each other and may finally coalesce into a narrow single channel [42].
Relativistic electrons carrying these currents modify the plasma refraction index and guide the
light. The path of light follows the electron deflection, and the multiple laser filaments also
coalesce and form the ‘super-channel’.

A representative case with an incident intensity of 1.24×1019 W cm−2 (a = 3, λ = 1 µm)
has been chosen in 3D PIC simulations: figure 6, [42]. It confirms the formation of a single
propagation channel with considerably enhanced concentration of light on the axis. The
incident beam first propagates through an unstable filamentary stage (blue section in figure 6)
and then collapses into a single channel with a width of 1 − 2λ.
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Figure 6. Perspective view of the self-focusing pulse at time 180 fs. The colours refer to the
maximum cycle-averaged light intensity 〈Imax〉 in each (Y, Z) plane; the plotted surface corresponds
to 0.67〈Imax〉.
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We mention that the paraxial and envelope approximations as well as hydrodynamic mod-
elling are insufficient to treat the effects discussed here; structures on the scale of a wavelength
are involved and non-Maxwellian velocity distributions do demand a kinetic treatment.

The simulation box is indicated in figure 6. The laser beam with a diameter of 12λ and
a Gaussian intensity profile is incident from the left. The corresponding Rayleigh length is
R ≈ 110λ. The pulse amplitude rises according to a = 0.5(1 + tanh(ωt/40))a0 with a0 = 3.
We choose a relatively sharp leading front of 6λ from the very beginning to save simulation
time, as simulations with smoother pulses and present parameters show formation of sharp
fronts anyhow later during the interaction. The incident pulse is linearly polarized along the
Z-axis. Initially, the volume between 0 � X/λ � 5 is vacuum; between 5 � X/λ � 41, it
is filled with uniform hydrogen plasma of density n0. High densities are of particular interest
here (see equation (39)), and we choose n0/ncrit = 0.36, still undercritical to ensure the
laser transmission. Boundary conditions on the fields in the X-direction correspond to beam
incidence at X = 0 and beam absorption behind the plasma. Escaping particles are stopped
at the boundaries and returned with the background temperature. In the Y - and Z-directions,
periodic boundary conditions are chosen. We used a spatial mesh of 256 × 128 × 128 cells
and up to 107 electrons and ions (ion mass is 1836m). This amounts to two electrons and two
ions per cell initially and six grid points per λ. Being fairly rough, this is found to be the lower
limit consistent with an acceptable noise level for the physics studied here. We use the small
time step τ = 0.3/ω. This resolves the important figure-8 motion of electrons in vacuum.

Results of the simulation are presented in longitudinal (figures 7(a)–(d)) and transverse
(figure 7(e)) cuts through the plasma volume. Figures 7(a) and (b) illustrate the initial stage of

Figure 7. (a)–(d): Longitudinal (X, Y ) cuts along the pulse axis: (a) and (c) instantaneous light
intensity I (1019 W cm−2, logarithmic colour scale), (b) quasistatic magnetic field Bz (108 G),
(d) ion density ni/n0. Parts (a) and (b) refer to time t1 = 80 fs and parts (c) and (d) to t2 = 320 fs.
Dashed lines I–IV mark transverse (Y, Z) cuts and are shown in the frame (e): the columns show
the intensity I (1019W cm−2, logarithmic colour scale), the transverse magnetic field Bs

⊥ (108 G),
and the longitudinal current Jx in units of en0c. Colour scales are given below each column.
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laser pulse filamentation and magnetic field generation at 80 fs; the quantities plotted in colour
are (a) the instantaneous intensity I = c(E2 + B2)/8π and (b) the low-frequency (quasistatic)
part of the magnetic field component Bs

z , averaged over 1.5 laser periods. Notice the sharp
pulse front with thickness ≈1λ in figure 7(a), much less than the initial 6λ.

The onset of filamentation is most clearly seen in vertical cut I (first row in figure 7(e)):
the intensity I (first column) reveals strong fluctuations, the averaged transverse magnetic field
Bs

⊥ (second column) has a ring-like form and corresponds to a longitudinal current Jx (third
column) which has been plotted in normalized form Jx = e(nivxi

− nevxe
)/en0c. The Jx plot

shows bluish current filaments of fast electrons streaming with the light (negative Jx due to
negative electron charge) and in between brownish regions filled by return currents of cold
background electrons. The currents amount to ≈0.5en0c and generate peak magnetic fields
between 50–100 MG in agreement with equation (39).

Filamentation is more clearly seen at the beam front in figure 7(a). The three beam
filaments actually correspond to a ring and a central filament, as one learns from the transverse
plots in the second row of figure 7(e) (cut II). Also, quite regular ring-like structures are seen in
Bs

⊥ and Jx with alternating forward and return current sheets. One should notice that the radial
extent of these distributions shrinks toward the beam front. Following [41], we attribute this
contraction to the magnetic field that pinches the electron current; the light channels follow
the currents, guided by the refractive index modified by the fast electrons.

Figures 7(c) and (d) display beam evolution at a later stage at 320 fs. In the longitudinal
intensity cut, one observes how the beam contracts through different phases of radial
filamentation and finally merges into one central filament. In the transverse cuts, this
corresponds to a ring at cut III and eventually to a single channel at cut IV. This is the central
result of this paper. Varying the beam intensity, we find that this kind of single channel
formation occurs for incident amplitudes a � 1. The threshold behaviour has still to be
studied in more detail. Certainly, also high plasma density is required to generate high enough
magnetic fields, sufficient for pinching the beam.

An important feature is plasma cavitation. It is seen in the ion density plotted in figure 7(d).
The expulsion of electrons from the region of high beam intensity generates an electrostatic
field which accelerates the ions in the radial direction. We find ion energies up to 3 MeV
in the simulation. An outgoing collisionless shock is observed. In the region of tightest
focusing, the ion density on-axis is almost zero. The cross-section of the ion channel is
about circular. Such channel formation in plasma has been seen in 2D PIC simulations (see,
e.g. [18,71]); in 3D geometry, the effect becomes more prominent and, in fact, the 3D geometry
is mandatory for simulations of self-focusing processes (see discussion in the following
subsection).

Both linear and circular polarization lead to single channel formation. Linear polarization
has the effect that the distributions of Jx and Bs

⊥ at the positions of tight focusing (cuts III
and IV in figure 7(e)) are elongated in the direction of polarization. We find that the electrons
are accelerated mainly in the plane of polarization in the forward direction, but with a certain
angular spread relative to the beam axis. Their distribution in energy resembles a thermal
spectrum with a temperature between 3 and 5 MeV with its tail reaching some 30 MeV. The
electrons have been accelerated directly by the laser pulse and we discuss later the particular
mechanism of acceleration. This mechanism is due to quasistatic electric and magnetic fields
induced in the laser–plasma channel and we will discuss it in the next section.

A super-channel very similar to the one calculated by the 3D PIC code, [42], has been
observed in experiments with the VULCAN laser at the Rutherford Appleton Laboratory,
where a 10 TW laser pulse interacted with a long-range preformed plasma on a solid body
surface [43]. Also ultra-strong magnetic fields have been detected later using the Faraday
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rotation technique for a probing laser beam traversing the channel [44]. Although the probing
beam has been sent some 18 ps after the main laser, magnetic fields of the order of 5–10 MG
were still present in the channel. Indeed, the magnetic fields, once generated, get frozen into
the plasma and decay slowly due to collisions or channel expansion.

3.2. 3D vs 2D simulations

Let us now ask the question: why do we need 3D PIC simulations of the self-focusing process.
Could we not use the cylindrical symmetry in our simulations, or is the 2D slab geometry
satisfactory?

First, if we were to work in the ponderomotive approximation (19), the cylindrical
geometry is sufficient. The code WAKE of Mora [26] does use this advantage. However,
when laser pulses are relativistically strong and we want to resolve the electron quiver
motion in the laser pulse, the cylindrical symmetry breaks. The quiver motion is along the
laser polarization and thus has no cylindrical symmetry, even for circularly polarized laser
pulses.

Second, what is wrong with the 2D slab geometry? Of course, one gets smaller on-axis
intensity gain in this case, but is it that important? The answer is: yes, it is important. In fact,
the difference in not only quantitative, it is qualitative. In the envelope approximation and for
a � 1, the laser pulse evolution is governed by the equation (see, e.g. [45]):[

2

c

∂

∂t

(
ik0 +

∂

∂ζ

)
+ ∇2

⊥

]
a = k2

p

(
1 − a2

2

)
a, (40)

where k0 = ω0/c and kp = ωp/c are the laser and the plasma wave numbers.
The operator D = ∇2

⊥a describes diffraction and the term S = k2
pa2a/2 gives the non-

linear plasma response. The pulse self-focuses, if the nonlinearity S prevails over the diffraction
D: S/D > 1.

Now, let σ be the characteristic transverse size of the laser spot, so that D ≈ a/σ 2 and
S ≈ k2

pa3. In the self-focusing process, the laser beam power P is conserved. When the laser
spot shrinks to the new size σ ′, we get in the 3D geometry the new laser amplitude a′

3d = aσ/σ ′,
and S ′/D′ ≡ S/D ≈ k2

pa2σ 2 ∝ npP . If the laser power P was initially larger than the critical
value Pcr (S/D > 1 initially), the diffraction cannot stop transverse collapse of the laser pulse
until some other non-linear process comes into play (e.g. electron cavitation). In some sense,
self-focusing is ‘catastrophic’ in 3D.

In the 2D slab geometry, we get quite a different scaling a′
2d = a

√
σ/σ ′ and S ′/D′|2d =

Sσ ′/Dσ . Thus, even if initially the laser pulse power was above the self-focusing threshold
(S/D > 1), as the laser radius σ ′ shrinks, the diffraction wins over the non-linear response
and the laser radius oscillates smoothly around the stationary value σstat = σD/S.

This simple consideration proves that the self-focusing in 2D slab geometry is qualitatively
different from the realistic 3D even in the envelope approximation and hydrodynamic
description of plasmas. This is even more true for kinetic PIC simulations. We have
seen in the previous section that the magnetic relativistic self-focusing leads to filament
interaction and their coalescence. The coalescence process is very different in 2D and
3D geometries.

Each laser filament carries a forward current of fast electrons and is surrounded by a cold
return current of background plasma. This return current repels the fast electrons and hinders
the filament coalescence. The hydrodynamic filament coalescence is barely prohibited in the
2D geometry. It does not matter how strong the magnetic attraction between two neighbouring
filaments is, the return current flowing between them cannot be squeezed out: there is literally
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no place where it could go. The effect seen in the 2D PIC simulations [41] is essentially kinetic
and relatively weak. In the 2D case, one should speak about ‘death’ of the side filaments, rather
than their merging with the main one. This conclusion holds both for the 2D slab and the 2D
cylindrical geometry.

The 3D geometry does allow for hydrodynamic coalescence of filaments. Now, there is
the additional dimension and the return current can be easily moved aside from between the
filaments. This leads to a much more spectacular coalescence process in 3D PIC simulations
and to formation of the powerful super-channel [42].

Putting it all together, 2D simulations of self-focusing processes are unsatisfactory.

3.3. Multiple filamentation of wide laser pulses

We have seen how multiple laser filaments coalesce into a single super-channel, figure 6.
Of course, this does not happen always. The necessary condition is that the laser pulse is
not too wide initially. Indeed, if the laser pulse is much wider than the plasma skin length
ds = c/ωp, the distance between the individual filaments may be so large that their individual
magnetic fields are shielded in the surrounding plasma. These filaments do not feel each other
anymore and cannot coalesce.

As an example of this behaviour, we have simulated a petawatt laser pulse with initially
wide focus diameter, 30 µm, and intensity, I = 1020 W cm−2, incident on a plasma with
density exponentially growing in the laser propagation direction like n = n0 exp(x/L), where
the scale length L = 30 µm. The laser pulse had a Gaussian temporal profile with a full width
at half maximum (FWHM) of 330 fs. The simulation results are shown in figure 8.

We see that the strong filamentation starts at the plasma density n ≈ 3 × 1020 cc−1. Later,
the tree-like coalescence of the neighbouring filaments leads to formation of several larger
filaments. The distance between these new filaments is already too large for them to feel each
other, and we see no single super-channel formation. The very similar filamentary pattern
has been recently observed in 100 TW shots of the GEKKO-XII laser at ILE, University of
Osaka [46].

These issues of laser channelling, plasma cavitation along the channel, laser energy
conversion into fast electrons and magnetic field generation are the key issues for fast ignition
(FI) of fuel targets in the context of inertial confinement fusion (ICF) [52].

ne/nc

5

0

(a) (b)

Figure 8. Multi-filamentation and tree-like filament coalescence of a wide laser pulse of petawatt
power. Several super-channels are formed finally, which are screened by plasma and do not interact
further.
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4. Direct laser acceleration of electrons in plasma channels

We have seen in the previous section that when a relativistically intense laser pulse channels
in sub-critical plasma, it drives strong currents of relativistic electrons [42]. These electrons
easily exit the interaction region and are detected experimentally. Both experiments [2,53,54],
and PIC simulations [42,55,56] suggest that this conversion does operate with significant, up
to 30–40%, efficiency. These electrons usually have quasi-thermal spectra, which can be
characterized by an exponential slope with some effective ‘temperature’. This ‘temperature’
depends both on the laser intensity and on the plasma conditions. The tail of these energy
spectra reaches far behind the normal ponderomotive energy. It is clear that the electron
acceleration in laser–plasma channels is very different from the simple picture of a free electron
in a plane electromagnetic wave.

4.1. 3D VLPL numerical simulations

In order to gain more insight into the process of particle acceleration in near-critical plasma,
we have performed a set of 3D PIC simulations [57]. The initial configuration we have
used in the numerical simulations is shown in figure 9. The laser pulse irradiates the left
boundary of the simulation box. It is incident on the plasma with an exponential density profile
n(x) = n0 exp(−x/Ls), where Ls is the plasma scale length. The maximum plasma density
is higher than the critical one for the particular laser intensity. We chose this configuration
because it is easy to be set-up experimentally. Such a plasma can be formed on the surface of
a solid state body with a naturally present [1] or deliberately created [58, 59] prepulse. This
prepulse heats the surface in some hundred picoseconds before the main pulse arrives. The
plasma expands in the surrounding free space. The resulting density profile around the critical
surface may be approximated by an exponential function.

There is a small gap of 1λ width between the right end of the plasma region and the right
boundary of the simulation box. We record energies of electrons reaching the right boundary.
These electrons are removed from the simulation. The average quasi-neutrality of the system
is ensured by electrons flowing in at the lateral boundaries, where an electron density constant
in time and equal to the local background one is maintained [55]. The plasma is assumed to be
fully ionized initially with an ion charge-to-mass ratio equal to that of deuterium. Thus, our
results can be applied to many different materials which, when fully ionized, have a similar
charge-to-mass ratio.

The laser pulse is Gaussian in space and time with dimensionless amplitude a =
eA/mc2 = a0 exp(−t2/τ 2) exp(−r2/σ 2), where t is the time, and r =

√
y2 + z2 is the

distance from the axis. The time duration is set to τ = 150 fs and the laser is assumed to
be focused at the left boundary in a round focal spot with the radius σ = 6λ. When this
geometry is maintained, the maximum intensity of the laser pulse is defined by its power.

X

ne= nc exp(x/L)

L=30µm

Laser

e–

Figure 9. Configuration used in the 3D PIC simulations. The laser pulse is incident on plasma
with a density profile described by the exponential function. Energies of electrons reaching the
right boundary are registered.
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For our parameters I/I18 = 1.76P (TW), where I18 = 1018 W cm−2. The laser is linearly
polarized in the Z-direction.

The simulations have been performed at Rechenzentrum Garching on a massively parallel
computer CRAY-T3E with 784 processor elements.

Figure 10(a) shows spectra of fast electrons obtained at four different laser powers: 1, 10,
100 TW and 1 PW. The spectra indicate an approximately exponential roll-off at high energies

ne(ε) ∼ n0 exp

(
− ε

Teff

)
, (41)

with an ‘effective temperature’ Teff growing with the laser intensity. Figure 10(b) illustrates
the dependence of Teff vs laser intensity I in a logarithmic plot. The results of the numerical
simulations suggest that Teff grows like the square root of the intensity:

Teff ∼ α

(
I

I18

)1/2

, (42)

where the coefficient is α ≈ 1.5 MeV. The ‘effective temperature’ for the petawatt laser pulse
appears to be as high as 50 MeV with the tail touching a value of 0.5 GeV. The density of electron
energy distribution shows as much as 106 particles per magaelectronvolt at this highest energy.

The scaling of the effective temperature Teff with laser intensity like I 1/2 coincides with
the results of 2D PIC simulations [18], in which a laser pulse interacted with a sharply ramped
plasma–vacuum interface, and the electron heating mechanism is different [30]. However, the
proportionality factor α obtained in the 3D simulations with a smooth ramp is significantly
higher than that in [18]. This higher temperature is due to the presence of a long laser channel
in the preformed plasma and the new mechanism of electron acceleration.

4.2. Inverse free electron laser at the channel betatron resonance

The mechanism of direct laser acceleration (DLA) in laser–plasma channels has been proposed
in [57]. The DLA mechanism essentially uses the quasistatic electric and magnetic fields
always present in the channel. Ponderomotive expulsion of background plasma electrons from
the channel creates a radial electrostatic field. At the same time, the current of accelerated
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Figure 10. (a) Electron energy spectra for different laser powers. The plasma scale length
L = 30 µm. (b) Effective ‘temperature’ of the electron distributions for different laser intensities.
The best fit gives scaling Teff ∝ α(I/I18)

1/2, with α ≈ 1.5 MeV.
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(a) (b)

ωβ=ωp/2γ1/2

Figure 11. (a) Static electric and magnetic fields in the laser–plasma channel and (b) the
corresponding effective potential for a relativistic electron.

electrons generates the azimuthal magnetic field. Both these fields depend approximately
linearly on the radius and reach their maxima at the channel boundaries, as shown in figure 11.
The channel works as a potential well. A relativistic electron trapped in the channel oscillates
radially at the betatron frequency which is roughly ωβ = ωp/2γ 1/2 and does not depend on
the degree of channel cavitation. These oscillations are along the laser polarization, and thus
an efficient energy coupling is possible. An electron running along the laser propagation with
velocity vz witnesses a strongly downshifted optical frequency. This downshift can be so
strong that the transverse betatron oscillations are in resonance with the laser.

Let us consider an electron moving in a plane electromagnetic wave El
x = E0 cos ω0(t −

z/vph), By = Ex/vph which runs with the phase velocity vph > c in the Z-direction. In
addition, we impose a static electric field Es

x = κEx and a magnetic field Bs
y = −κBy. For

simplicity, we exploit the planar 2D (z–x) geometry. In the following discussion, we will use
the dimensionless variables

p → p

mc
, v → v

c
, t → ω0t,

x → xω0

c
, E → eE

mω0c
, B → eB

mω0
.

(43)

In these variables, one can write down the equations of particle motion:

dpz

dt
= − vx

vph
El

x − vyB
s, (44)

dpx

dt
= −

(
1 − vz

vph

)
El

x − Es + vzB
s, (45)

dγ

dt
= −vx(E

l
x + Es). (46)

Using the expressions Bs = −κBy and Es = κEx for the static fields, we can immediately
find from equations (44) and (46) the constant of motion

−vphpz + W = W0, (47)

where

W = γ − 1 +
(κE + vphκB)x2

2
(48)

is the sum of the kinetic K = γ − 1 and the potential U = (κE + vphκB)x2/2 energies of the
particle in the static fields. Here, γ = √

1 + p2
z + p2

x .
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An exact analytical solution of equations (44)–(46) is impossible because of their
nonlinearity. Nevertheless, these equations reveal the mechanism of acceleration. To make it
explicit, let us introduce the phase θ of the laser field El

x :

El
x = a cos θ, (49)

dt θ = ωl =
(

1 − vz

vph

)
ω0, (50)

where ωl is the laser frequency as witnessed by the relativistic electron, and the dephasing �

of the transverse electron momentum

px = p sin α cos(θ + �). (51)

In this definition, the phase θ is the fast oscillatory one, and � is the slow or ponderomotive
phase. The angle α defines the direction of electron motion with respect to the channel
axis. Using these definitions, we find from (44)–(46) the equation for the electron transverse
momentum:

d2
t px + ωβpx = ω2

l a sin θ. (52)

This is indeed an equation of a driven oscillator with the eigenfrequency

ω2
β = (κE + vzκB)

γ
, (53)

corresponding to betatron oscillations in the static Es and Bs fields. The driving force on the
right-hand-side (RHS) of equation (52) hits the resonance when

ωβ =
(

1 − vz

vph

)
ω0. (54)

This resonance condition states that when an electron makes one oscillation, the
electromagnetic wave, which propagates with a phase velocity vph > c, overtakes it exactly by
one period, figure 12. This is the inverse free electron laser mechanism. The only difference
is that instead of the usual spatially periodic wiggler we have the betatron channel frequency.

Z

Figure 12. Resonance between the electromagnetic wave and a co-propagating relativistic electron.
The electron makes transverse oscillations in the channel fields along the laser polarization and
stays in phase with the electric field of the wave, when the resonance condition (54) is satisfied.
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(a) (b)

Figure 13. (a) Phase trajectories, � − γ , of the shortened equations (51)–(56). (b) 3D PIC
simulation results for the same laser parameters. Different colours correspond to different electron
densities in the phase space � − γ .

The theory of non-linear oscillations [61] allows us to further simplify the equation (52)
and write down the shortened equations on the ponderomotive phase � and the particle
momentum p:

dt� = 1

2ωl

(
ω2

l − ω2
β − ω2

l a

p sin α
sin �

)
, (55)

dtp = −a sin α

2
cos �. (56)

This is a system with one degree of freedom. Its phase portrait in coordinates (�, γ ) is shown in
figure 13(a) for the case a = 3, ωp = 0.25ω0. These parameters correspond to an experiment
described in the following section.

The phase plane in figure 13(a) is divided by a separatrix into two regions. The smaller
region contains closed trajectories surrounding the resonance point. Electrons trapped in this
region oscillate with approximately a π/2 phase shift with respect to the laser field. In the outer
region, trajectories are open, and electrons scan all possible phases with respect to the laser.

Of course, the phase portrait, figure 13(a), is idealistic. It has been derived for a laser pulse
with a constant amplitude and a plasma channel with constant characteristics. In a real situation,
all these parameters fluctuate. These fluctuations are non-adiabatic for electrons slowly moving
along the phase trajectories (remember, this is the slow ponderomotive motion!). This leads to a
diffusion in the phase plane and electrons jump from one trajectory to another, filling the plane.
However, the density of the electron distribution function is different in different regions. The
background plasma electrons are trapped by the laser pulse with about zero energy initially.
Thus, we expect the highest concentration of electrons in the region within the separatrix.
Later, the trapped electrons cross the separatrix and diffuse outside. Figure 13(b) has been
taken from a PIC simulation at the experimentally given laser and plasma parameters. It clearly
shows such a diffusion outside the separatrix region.

4.3. Influence of the longitudinal laser field

For the sake of simplicity, we have considered in the previous subsection a plane
electromagnetic wave that has transverse fields only. However, a laser in a channel is
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focused and its electric field has the longitudinal component Ez. For a Gaussian laser
beam with El

x = E0 exp(−(r/σ )2) cos(ω0(t − z/vph)), the longitudinal field in the first-order
approximation of the parameter (kσ )−1 � 1 [9] is

E‖ = − 2x

kσ
E0 sin ω0

(
t − z

vph

)
(57)

where x is the electron transverse coordinate. The field (57) is in resonance with the electron
betatron motion at the same time the transverse field is. The energy gain is then

dtW = 〈eEzvz〉 + 〈eExvx〉 = 〈F‖〉 + 〈F⊥〉. (58)

Using (57) and taking x = kβ sin α sin(�βt), where �β = ckβ , we find

f = 〈F‖〉
〈F⊥〉 = − 2

kkβσ 2
= −2

√
2γ

kkpσ 2
. (59)

The ratio (59) is negative. Thus, when the transverse field accelerates the electron,
the longitudinal field of the laser pulse drags it, and vice versa. On an average, electrons
are always accelerated by one of the fields. When |f | � 1 electrons are accelerated by the
transverse field, and when |f | � 1 acceleration is done by the laser longitudinal field.

4.4. The quantitative comparison of an experiment and the VLPL simulation

The mechanism discussed above is not the only possibility for electron acceleration. It is
known that, when a laser pulse propagates in plasma, it can undergo self-modulation and
generate a strong plasma wave. This plasma wave (wake field) may trap background electrons
and accelerate them to high energies [62]. This mechanism is known as self-modulated laser
wake field acceleration (SM-LWFA). It is very difficult to distinguish between SM-LWFA and
DLA experimentally. One of the possibilities is to compare a 3D PIC simulation with the
experiment and then analyse the PIC results.

This has been done in the work [63], where the authors have measured angularly resolved
and absolutely calibrated spectra of the multi-MeV electrons produced by relativistic self-
channelling in a high-density gas jet. Laser pulses of 200 fs with PL = 1.2 TW were
propagating in He plasmas with electron density in the range 3 × 1019–4 × 1020 cm−3.
While varying the plasma density, the highest electron energies were obtained at n =
2 × 1020 cm−3. The experimental energy spectrum is marked in figure 14(a) by dots. It
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Figure 14. (a) Electron spectrum measured experimentally, [63], in the laser beam direction (♦)
and exponential fit yielding an effective temperature of 5 MeV (· · · · · ·); the prediction of 3D PIC
simulations is also shown (——). (b) Distribution of the accelerated electrons in the (�z, �⊥)
space. The shaded histogram is in the logarithmic scale. (c) Breakdown of electron spectrum
with respect to the major acceleration mechanism: the filled circles represent the DLA spectrum of
electrons while the empty circles mark the LWFA spectrum. The bar at the energy axis marks the
range of the electron detector used in the experiment (see text for details).
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follows a Boltzmann-like distribution with an effective temperature of 5 MeV and extends to
12.5 MeV, which was the spectrometer limit. The solid line in figure 14(a) represents the
VLPL results for a simulation, where both the laser and plasma profiles corresponded to the
experimental ones. The simulation started with gaseous He, it was field-ionized by the laser
pulse using the BSI model (6), applied sequentially to both the electrons of the He atom.

The results shown in figure 14(a) suggest that the 3D PIC simulations reproduce
the experimental measurements dependably not only in form but also in absolute numbers.
We should emphasize here that the 3D capability of the code allows us to simulate closely the
experimental conditions including laser and density profiles. This results in absolute energy
spectra, i.e. the number of accelerated electrons in an energy range in a solid angle cone.

Having the full information about the electron dynamics in the PIC simulation, we try
to answer the question: how have the electrons been accelerated. To do this, we separate
the two driving terms in the equation of motion dp2/dt = −2eEzpz − 2eE⊥ · p⊥ with
E⊥ · p⊥ = Expx + Eypy , keeping track of

�z = −
∫ t

0

2eEzpz

(mc)2
dt, �⊥ = −

∫ t

0

2eE⊥ · p⊥
(mc)2

dt (60)

in the energy γ 2 = 1 + (p/mc)2 = 1 + �z + �⊥ of each electron. Here, �z is the energy gain at
time t due to acceleration by the longitudinal electric field Ez mainly representing the plasma
wave (wake field), while �⊥ represents DLA by the transverse field E⊥. The contribution of
the transverse electrostatic channel field averages to zero in �⊥. Notice that the relativistic
electrons are mainly moving in the forward direction along the channel axis, while oscillating
transversely and gaining energy from the laser electric field (pz � p⊥ � mc); increments of
p⊥ are then converted into increments of pz via the v × B interaction.

The results of PIC simulations are shown in figures 15(a)–( f ). The snapshot is taken
when the head of the laser pulse has just arrived at the maximum plasma density in the gas
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Figure 15. 3D PIC simulations. The frames show (a) the wake field eEz/mcω0, where ω0 is the
laser frequency; (b) the longitudinal phase space γ vs z; (c) the laser field eEx/mcω0; (d) the
transverse momentum px/mc. Zoom at 270 < z/λ < 280 of (e) eEx/mcω0 and ( f ) px/mc with
the dashed line indicating |px/mc| = 3. Much higher amplitude of transverse electron oscillations
phase-locked with the laser pulse is due to the betatron resonance.
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jet, z = 300λ. The regular wake field exists at the head of the laser pulse only (figure 15(a)),
causing strong modulations with plasma period in phase space (figure 15(b)) and the laser field
(figure 15(c)). The laser amplitude has increased in the self-focusing channel to a ≈ 3 from
the initial a = 1.7.

Even with the plasma wave being present, the comparison between �z and �⊥ in
figure 14(b) reveals that most of the energy acquired is due to DLA, while LWFA drives
only a minority of electrons.

We again refer to figure 13. Notice the clear similarity between the analytically calculated
phase portrait, figure 13(a), and the 3D PIC simulation results, figure 13(b). The electron
diffusion in phase space leads to very energetic electrons and, most probably, to the Boltzmann-
like energy spectrum, figure 14(a). We must notice, however, that an accurate theory explaining
the exact form of the electron energy spectrum has to be developed yet.

Finally, a closer look into the transverse electron dynamics is given in figures 15(c), (d)
and 15(e), ( f ), where the z-axis has been expanded to laser wavelength resolution. Notice that
the laser amplitude in the channel is a = eEx/mcω0 = 3.0 and that the transverse momenta of
many electrons exceed it significantly, i.e. px/mc � 3. The only plausible explanation for this
is resonant energy transfer from the laser wave to electrons performing transverse oscillations
in the channel at the betatron frequency.

5. LWFA: the highly non-linear broken-wave regime

In the previous section we have discussed the DLA of electrons. We have seen that this
mechanism produces electron spectra of a quasi-thermal form. The future applications for
high-energy physics, however, require electron beams of much better quality. They must
have low transverse emittance and be monoenergetic. Here, we will see that such beams
might be generated by laser in plasma employing another mechanism of acceleration: LWFA
[62, 64].

When a laser pulse propagates through underdense plasma, it excites a running plasma
wave oscillating at the plasma frequency ωp. The wave trails the laser pulse with phase velocity
set by the laser pulse group velocity vwake

ph = vg = c(1 − ω2
p/ω2

0)
1/2, where ω0 is the

laser frequency. The electric field of this plasma wave is longitudinal, i.e. it points into the
propagation direction. A relativistic electron can ride on this plasma wave staying in-phase
with this longitudinal electric field and be accelerated to high energies.

The laser pulse can excite the plasma wave in different ways. The excitation is most
effective, when the laser pulse is shorter than the plasma wavelength, λp = 2πc/ωp, and fits
completely into the first wave bucket. For a pulse with a normalized intensity profile given by
a2 = a2

0 cos2(πζ/2L) for −L < ζ = z − vgt < L, the maximum acceleration field of a plane
laser wake field is Emax/E0 = a2

0/(1 + a2
0)

1/2, when the laser pulse FWHM equals one half of
the plasma period, L = λp/2 [62]. Here, E0 = mcωp/e normalizes the electric field of the
plasma wave, and a0 = eA0/mc2 is the normalized amplitude of the laser vector potential. In
the relativistic regime a0 > 1, the wake field changes its structure and cannot be described any
more by linear plasma theory. The non-linear evolution is followed by 3D PIC simulation, and
we present numerical results obtained with the code VLPL [33].

The length of the laser pulse is a parameter of particular significance. The pattern of wake
field excitation differs significantly for laser pulses longer and shorter than the plasma period.
The long laser pulse gets self-modulated with the plasma period, and the resonance between
this self-modulation and the plasma frequency leads to effective wake field excitation. The
corresponding regime of particle acceleration is called SM-LWFA [65–68] in contrast to the
short-pulse LWFA described before.
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A new, highly non-linear regime occurs for laser pulses shorter than λp, as described
above, but for relativistic intensities high enough to break the plasma wave after the first
oscillation [69]. The electric field required for wave breaking can be estimated from the
expression Ewb/E0 = √

2(γp − 1) with γp = (1 − v2
g/c

2)−1/2 = ω0/ωp [70], which holds for
low-temperature plane plasma waves. In the relativistic regime, however, one should notice
that the plasma wave fronts are curved. The wave first breaks near the axis and for lower values
than the plane wave limit. This has been studied in the 2D geometry in [71–74]. Here, we
present 3D PIC simulations of two representative cases. The case (I) is just marginally above
and the case (II) is far above the breaking threshold.

Wave breaking turns out to be of central importance because it leads to abundant self-
trapping of electrons in the potential of the wave bucket which are then accelerated in large
numbers. This results in high conversion efficiency of laser energy into relativistic beam
energy; it will be discussed below in the context of figures 16, 17 and 18. Trapping of electrons
in the plasma waves is a key topic for LWFA. Injection and acceleration of external beams
have been demonstrated experimentally [75]. Creation of trapped electrons inside the wave
bucket has been proposed, applying supplementary laser pulses [76, 77]. However, copious
amounts of accelerated electrons have been observed when driving waves beyond the breaking
threshold; this has been shown in SM-LWFA experiments with single TW laser pulses longer
than λp [78–82].

A significant difference in the short-pulse LWFA domain discussed here concerns the
energy spectra of the emerging relativistic beams [69]. While most long-pulse experiments
have produced energy spectra with exponential fall-off, well characterized by an effective
temperature, we find a plateau-like spectrum for case (I) and even a spectrum sharply peaked
in energy for the solitary acceleration bubble of case (II). We describe in section 5.2, how the
peaked spectrum is related to beam loading effects.

Here, we can give only numerical results for a few selected cases located in the parameter
space spanned by laser intensity and pulse length as well as plasma density. Systematic
studies and analytic theory are necessary to connect the various regimes. Nevertheless, we
discuss some scaling properties of this new LWFA regime, based on the short pulse and the
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Figure 16. Wake field behind a 20 mJ, 6.6 fs laser pulse propagating in a plasma layer from
left to right. Cuts along the propagation axis show the electron density evolution of the plasma
wave (green-blue) and high-energy pulse (orange-red) at different times. Colour corresponds to
longitudinal electron momentum. The dashed line in frame (a) indicates the position of the laser
pulse.
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Figure 17. Spectra of accelerated electrons (from the work [69]): (a) final spectrum of the case
of figure 16; (b) the case of the 33 fs, 12 J laser pulse, time evolution of the energy spectrum:
(1) ct/λ = 350, (2) ct/λ = 450, (3) ct/λ = 550, (4) ct/λ = 650, (5) ct/λ = 750, (6) ct/λ = 850.
(c) The 12 J, 33 fs laser pulse after propagating z/λ = 690 in 1019/cm3 plasma. 3D perspective
view of hot electron distribution; each hundredth electron above 10 MeV is shown as a dot coloured
according to its energy, the white disc shows the laser intensity surface at I = 1019 W cm−2.
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Figure 18. Solitary laser–plasma cavity produced by 12 J, 33 fs laser pulse. (a) ct/λ = 500,
(b) ct/λ = 700, (c) electron trajectories in the frame moving together with the laser pulse; colour
distinguishes electron groups with different distance from the axis initially.

wave breaking condition. Posed simultaneously, these two conditions are still a challenge.
The scaling shows that few-cycle pulses are best suited. The rapid progress in ultra-short
laser technology is expected to produce appropriate pulses very soon. Sub-10 fs laser pulses
containing about 1 mJ energy have been demonstrated already [1, 83, 84] and are expected to
be upgraded to 10 fs, 10 mJ pulses reaching TW power in the next few years. Lasers producing
multi-Joule pulses at 30 fs are under construction [11, 85].

We have added a third simulation to address the transitional region in which the laser pulse
length is somewhat longer than λp and SM-LWA occurs. This case is discussed in view of
recent experiments performed in this regime at LOA [86] and at the Michigan University [87].
The experiment made at LOA has produced electrons with energies up to 70 MeV. Based
on simulations with test particles injected into the laser wake [86], these results have been

Author: Please check SM-LWAmisprint! It must be SM-LWFA

LWAit must be SM-LWFA
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explained as a combination of LWFA and DLA. We will show here that our direct VLPL
simulations support this explanation.

5.1. Generation of a sub-10 fs electron bunch

In the simulations, we consider incident laser pulses with envelope of the form

a(t, r) = ai cos

(
0.5πt

τi

)
cos

(
0.5πr

σi

)
, (61)

for −τi < t < τi and r < σi . In case (I), we take τ1 = 6.6 fs, a1 = 1.7, σ1 = 5λ, λ = 1 µm,
and energy W1 = 20 mJ. The laser pulse is circularly polarized and propagates through a
uniform plasma with electron density ne = 3.5 × 1019 cc−1. Figure 16 shows four movie
frames, following the front of the plasma wave as it propagates in the Z-direction. The laser
pulse is indicated only in the first frame by the broken line behind the wave front. The frames
show electron density in cuts along the laser propagation axis. Each dot corresponds to one
numerical electron and is coloured according to its momentum pz/mc. This way of plotting
brings out both the structure of the plasma wave and the self-trapped electrons accelerated to
high energies in the first wave bucket. Figure 16(a) shows the wave, when it has propagated
45 laser wavelengths into the layer. Like a snow-plough, the laser pulse pushes the front
layer of compressed few-megaelectronvolt electrons (dark-green) and leaves a region with low
electron density behind. It still contains a population of blue electrons which stream from right
to left and feed the wave structure trailing the pulse.

The green wave crests are curved and start to break at their vertex near the propagation
axis. The curvature reflects the 3D structure of a plasma wave with transverse size of order λp.
A study in 2D geometry [72] has shown that these curved wavefronts break at considerably
lower wave amplitudes than plane fronts. In the present 3D simulation, wave breaking occurs
already for Emax/Ewb ≈ 0.3 and strong electron depletion is observed only in the first
wave bucket. When comparing with non-broken wake fields, the conspicuous new feature
in figures 16(b)–(d) is the stem of relativistic electrons growing out of the footpoint with a
cross-section of σtr ≈ 0.3 µm2 in this case. The energy rises towards the top of the stem with
red electrons, which have been trapped first and accelerated over the full propagation distance.
This cavity with a stem is a surprisingly stable structure. It is hardly affected by the drop in
laser intensity, which decreases steadily due to energy transfer to electrons. The efficiency of
electron acceleration in the cavity is surprisingly high. At the end, about 15% of the initial laser
energy has been transferred to the electron bunch. In figure 16(d), the cavity arrives at the rear
boundary of the plasma layer and bursts, releasing the relativistic electron load into vacuum.

The electron pulse produced here consists of about 109 relativistic electrons in the range
10 < γ < 100, compressed to a density above the ambient electron density and a pulse length
of just 5 fs. The energy spectrum consists of a plateau extending from 1 to 50 MeV, as is seen
in figure 17(a). The spectrum is clearly non-thermal and thus different from the energy spectra
observed with long laser pulses. Emerging from a 2 µm spot with an angular divergence of
about ±1˚, the electron bunch has a normalized emittance of γ ε⊥ < π mm mrad, better than
existing electron sources. These pulses may have a broad range of applications, in particular for
ultra-short, ultra-bright, high-repetition rate sources of x-rays and nuclear radiation (positrons,
neutrons, etc).

5.2. Quasi-monoenergetic beams of electrons from laser–plasma cavities

As the second example (case (II)), we present the simulation of a laser pulse with a2 = 10,
τ2 = 33 fs, σ2 = 12λ, propagating in plasma with ne = 1019 cm−3. A 3D perspective view
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of the fast electrons at time ct/λ = 700 is given in figure 17(c). Here we plot each hundredth
electron above 10 MeV as a dot coloured according to its energy. We see that the highly
compressed stem of energetic electrons has a uniform colour, corresponding to a peak in the
spectrum. The evolution of this peak will be discussed in more detail below.

The wake field in this high-intensity regime is different from that in figure 16. As seen in
figures 18(a)–(c), it has mutated into a solitary cavity, and wave breaking has washed out all
downstream structure. The laser pulse is so strong that it scatters electrons sidewards leaving
an empty cavity behind. Comparing figures 18(a) and (b), we see that the cavity stretches and
the stem elongates with time. At ct/λ = 700 the stem contains about 3.5 × 1010 electrons
with energy 300 ± 30 MeV. They have an angular spread of ±2˚ and represent a genuine beam
of 1.8 J full energy. This amounts to 15% of the incident laser energy.

Figure 18(c) displays selected electron trajectories in a simulation window co-moving
with the laser pulse. Electrons far from the propagation axis have yellow trajectories and are
hardly perturbed by the pulse. Blue and green electrons, hit by outer regions of the pulse, are
scattered outwards. We see how the pulse scatters electrons aside directly and the electron
motion becomes multistream already at the pulse head. These scattered electrons never return
to the cavity region. The red electrons feeding the stem originate close to the axis, and the laser
pulse could not scatter them far away. Most of the laser-excited electrons move in half-circles
wrapping the cavity. Their trajectories cross each other at the rear vertex, and some get trapped.
We find the trapping cross-section to be σtr ≈ 3 µm2 for these parameters.

On-axis distributions of key quantities are shown in figures 19(a)–(d) at ct/λ = 700.
The laser intensity, figure 19(a), initially ten cycles long, underwent self-modulation and
developed a steep front with a peak intensity much larger than the incident one. This is due to
group velocity dispersion, causing high-intensity parts to travel faster and to form an optical
shock [34,88]. It compresses electrons in front of it into a layer with 20 times the unperturbed
plasma density, n0, figure 19(b). Between this layer and the stem electrons, there is a void.
The longitudinal electric field, figure 19(c), jumps sharply at the compressed cavity front and
then falls smoothly inside the cavity. The relativistic stem is also highly compressed, up to
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Figure 19. Same case in figure 18 at time ct/λ = 700. On-axis distributions of (a) laser intensity;
(b) electron density; (c) longitudinal electric field; and (d) projection of the electron phase space
γ vs z.
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18n0. Yet, the corresponding space charge causes no jump in the longitudinal electric field
Ez. This is due to the 1/γ 2 reduction of Ez for relativistically moving charges [27]. The
transverse field, however, is large and only partially compensated by the pinching effect of the
magnetic field of the stem. This radial E-field delays background electrons to flow in radially
and to close the cavity. Apparently, beam loading of the cavity occurs by radial inflow of
electrons. Longitudinal beam loading of plasma waves has been observed earlier in 2D PIC
simulations [71]. In the present 3D simulation, the beam loading is transverse.

The growth of the stem and the evolution of its spectrum is continuous. This is shown in
figure 17(b). At time ct/λ = 350, the high-energy branch of the spectrum corresponding to the
stem still has the plateau structure observed also in the previous case (I) of figure 17(a). The
electrons forming the head of the stem preserve this feature and are seen in the spatially resolved
spectrum of figure 19(d) as the cutting-edge in the tomahawk-like distribution. However, the
spectra shown in figure 17(b) change at time ct/λ = 450 and develop a distinct peak that grows
in time. This peak starts to appear when the total charge of the stem becomes equal to the charge
expelled from the cavity by the driving laser pulse. Then, the cavity elongates, and this has the
consequence that the front and the rear side of the cavity move at different speeds. The foot point
at which the stem is fed by fresh electrons then lags behind, and this produces the spectral feature
seen as the tomahawk handle in figure 19(d). Clearly, there is an accumulation of electrons
with γ ≈ 600 which explains the peak in the z-integrated spectrum. The formation of this
energy peak is described here for the first time and represents an important result of this work.

5.3. Scaling laws

So far, we have presented two numerical examples of electron trapping and acceleration in
the broken-wave regime of LWFA. For the 6.6 fs laser pulse, we needed only 20 mJ energy to
reach this regime. However, the 30 fs long laser pulse already required 12 J. The laser energy
necessary to reach the solitary cavity regime strongly increases with pulse duration. The pulse
duration or, equivalently, the number of laser cycles N determines all other laser parameters
and the plasma density.

Here, we provide simple scalings with N , based on analytic relations of linear plasma
theory [62, 64]. The first requirement is that the laser pulse is shorter than the plasma
wavelength, and this leads to N ∝ ω0/ωp ∝ n

−1/2
0 . Increasing the pulse length implies lower

plasma density. The second requirement is to break the wake field. Setting Emax/Ewb = const.,
we find that the laser intensity Iλ2 ∝ a2

0 ∝ ω0/ωp ∝ N scales linearly with pulse
duration. Furthermore, the diameter of the laser focus should also be of order λp to ensure
a sufficiently plane wake field in the cavity. This requires a laser pulse with power ∝N3

and energy ∝N4. We conclude that few-cycle laser pulses are best suited to reach the new
regime. Of course, the energy of the accelerated electrons also depends on N and demands
15–20 cycles to reach the gigaelectronvolt level. The maximum electron energy scales like
Wmax = eEmaxLd ∝ a0(ω0/ωp)2 ∝ N5/2. Here, Ld � γ 2

pλp is the detuning length [62],
which measures the distance over which an electron is accelerated, before it outruns the wave
and gains no more energy. It should be emphasized that these scaling arguments can serve only
as a very rough guideline and need to be substantiated by 3D simulation in each particular case.
These simulations demand large computer resources and easily hit the limits of present-day
parallel machines.

5.4. Transition from DLA to LWFA regime

In the simulations presented here, we have observed electron acceleration by the pure LWFA
mechanism. We know, however, that another acceleration mechanism, DLA [57, 63], works
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at higher plasma densities and longer laser pulses. It is of interest to also give an example
for the transitional regime, when both mechanisms DLA and (SM-)LWFA co-exist. Our main
goal here is to demonstrate that this regime differs significantly from pure LWFA in the way
electrons gain energy.

For this purpose, we have performed a third simulation (case (III)). The incident laser pulse
envelope used in the simulation has a Gaussian form here a = a3 exp(−(t/τ3)

2) exp(−(r/σ3)
2)

with a3 = 1.2, τ3 = 24 fs and ne = 0.06ncrit , so that the laser pulse FWHM ≈30 fs is 2.5 times
longer than the plasma period. The focal spot was σ3 = 10λ, λ = 0.8 µm. These values
are close to those of experiments performed recently at Michigan [87] and LOA [86]. In the
simulation, the laser pulse was propagating through a slab of gaseous N2 with molecular density
nm = 1 × 1019 cm−3 as in [87]. In the VLPL code, ionization is treated as field ionization
by barrier suppression. The laser pulse is intense enough to ionize nitrogen atoms five times.
This leads to the background electron density of ne = 1 × 1020 cm−3 in the plasma channel,
or ne = 0.06ncrit .

Distributions of laser intensity and electron density after propagating 200 µm into the
plasma are shown in figures 20(a) and (b). We see in figure 20(b) that the laser pulse has
undergone self-modulation, Raman scattering, and relativistic filamentation simultaneously.
It did generate a strong wake field as seen in the electron density plot, figure 20(a), and one also
observes fast electrons, trapped in the first wake and seen as a black spot at its rear side on-axis.
The electron energy spectrum is shown in figure 21(a). The spectrum has an exponential slope
with an effective temperature of about 3 MeV and a cut-off at 35 MeV. It contains some 109

electrons, altogether, above 1 MeV. The angular distribution is given in figure 21(b) showing
an angular spread of ±2˚ at half maximum. The energies and electron numbers obtained here
are significantly larger than in [87], but compare reasonably well with the results of [86].

The main interest in this section is to understand the mechanism of electron acceleration.
The PIC simulations allow us to split the energy gain of each electron into components obtained
from longitudinal and transverse electric fields, respectively. Analysis in [63] had revealed that
electron beams generated by long (much longer than the plasma wavelength) laser pulses in self-
focused plasma channels received most of their energy directly from the transverse laser field.
Here, we apply the analysis (60) to case (III) and compare with case (I). The corresponding
results are presented in figures 21(c) and (d). While the case (I) in figure 21(d) is a clear
demonstration of the pure longitudinal LWFA acceleration, the case (III) in figure 21(c) is
transitional, where DLA and LWFA are mixed. We mention that figure 21(c) is very similar to
the one obtained by Malka et al [86] for similar parameters. This mixed acceleration originates
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Figure 20. Distributions of (a) electron density and (b) intensity for a 0.6 J laser pulse propagating
in a N2-gas slab of molecular density nm = 1 × 1019 cm−3.
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and (SM-)LWFA (large �z); (d) for comparison, the electron distribution in the (�z, �⊥) plane for
the pure LWFA case of figure 16

from the fact that the trapped electrons in case (III) are located in the region of the self-focused
laser pulse (compare figures 20(a) and (b)) and therefore experience both the laser field and
the wake field.

Again, we apply the analysis (60), stating that energy gain is only due to the electric field
and can be divided into a longitudinal and a transverse component. In figures 21(c) and (d),
each electron is plotted in the gain plane spanned by �z and �⊥.

For case (I), shown in figure 21(d) and corresponding to figure 16, electrons have
apparently gained energy by the longitudinal wake field alone and satisfy �z � |�⊥|. This
is in marked contrast to figure 21(c) obtained for case (III) in which the accelerated electrons
have experienced both the wake field Ez and the laser field E⊥ and occupy a broad region of
the �z, �⊥ plane. One should also compare these plots with figure 14, where the DLA clearly
dominated the acceleration process.

Finally, we mention that Malka et al [86] have used E ·v rather than E ·p in equations (60)
to calculate the electron energy instead of its square. The differencing scheme used in VLPL,
however, allows to calculate E · p more directly without additional interpolation. For reasons
of numerical accuracy, we have therefore preferred this second option in this paper.

In this paper, we have considered wake field acceleration of electrons in the broken-
wave regime. This kinetic and highly non-linear regime is difficult to treat analytically, and
therefore we have studied it numerically. We find that the 3D wave breaking of the laser wake
field can produce electron bunches with unique properties. A sub-10 fs laser pulse with only
20 mJ energy is able to accelerate 109 electrons with a flat spectrum reaching 50 MeV energy.
A spectrum sharply peaked in energy is obtained for a 12 J, 30 fs laser pulse. In this case, the
laser is intense enough to expel all background electrons from the first wake trough, forming a
solitary cavity and a completely broken wake field further downstream. Propagating through
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plasma, this cavity continuously traps a small portion of background electrons and generates
an almost monoenergetic beam of 3 × 1010 electrons at 300 MeV.

These new results call for experimental verification. At present, we have to rely on our
3D PIC simulations. However, we recall that PIC simulations have been very successful
in reproducing existing experiments [63, 71, 89]. The fast development of laser technology
suggests that the laser pulses with corresponding parameters will be available in the near future.

6. Ion acceleration

Till now we have discussed in detail the laser acceleration of electrons. However, the
acceleration of ions is also possible even at intensities far below the ion relativistic threshold
(21). This acceleration is accomplished not directly by the laser pulse itself, but is mediated
by plasma electrons. Electrons are the lightest particles present in plasmas and acquire the
laser energy first. Later, however, the energy is redistributed via different processes going on
in the plasma. This redistribution results in quite energetic ions, a fraction of them may even
have energies much higher than the mean electron energy. Here, we discuss some of these ion
acceleration mechanisms.

6.1. Ion acceleration in laser–plasma channels

As we have seen in section 4.2, the electrostatic field generated in the relativistic channel has the
pinching polarity for electrons. The same electrostatic field pulls positively charged ions out of
the channel and accelerates them to megaelectronvolt energies [42,55,90,91,93]. If the plasma
ions are deuterons, fusion reactions are possible. These fusion reactions have been detected
experimentally as neutron emission at the characteristic energy 2.45 MeV [58, 92]. Here, we
present ion energy spectra obtained in 3D VLPL simulations for different laser powers.

In our numerical experiments, we used a plasma with an exponential density profile and
kept the fixed plasma scale length Ls = 30λ. We varied the laser peak intensity, and thus
the power. The deuteron energy spectra obtained in the simulations with four different laser
powers, 1, 10 and 100 TW, and 1 PW are shown in figure 22(a). While the bulk of the ions in
the simulation domain remains cold, a group of energetic ions appears. They have a relatively
flat energy distribution up to some cut-off Emax

i . These ions have been accelerated by radial
expansion of the channel. A perspective view of the expanding channel for the petawatt-case
is given in figure 22(b). It shows two longitudinal, (X − Y ) and (X − Z), cuts of the ion
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Figure 22. (a) Ion energy spectra for different laser powers. The plasma scale length L = 30 µm.
(b) Ion energy density, perspective view. The white arrows indicate the channel expansion direction.
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energy density. The grey regions on the cuts correspond to the high energy density and mark
the radially outgoing collisionless shock wave. The white arrows schematically show the
direction of the channel expansion.

When the laser pulse channels due to the relativistic and charge-displacement effects, its
radius collapses down to Rsf ∼ γ 1/2c/ωp [40], where ωp =

√
4πne2/m is the plasma

frequency, and γ =
√

1 + (p/mc)2 is the average relativistic γ -factor of plasma electrons in the
laser field. The ponderomotive force tends to expel electrons from the channel. The simplified
hydrodynamic description of the electron fluid [35, 40] predicts complete electron cavitation
around the channel axis. Our [55], and other [71], PIC simulations show that, although the
electron density in the channel is suppressed, the cavitation is incomplete. This is because of
the strong heating of plasma electrons in the channel by the laser pulse. We may introduce the
effective charge neutralization factor f = ne/ni in the channel. Typically, f ∼ 0.5 [43]. The
charge separation generates an electrostatic potential in the channel eφch/mc2 ∼ f (kpRsf)

2,
where kp = ωp/c. The subsequent Coulomb explosion of the channel accelerates the ions to
energies defined by this potential. Assuming that the average γ -factor of the electrons in the
channel scales like γ ∼ a0, we can estimate

Emax
i ∼ a0mc2 ≈ a0 × 0.5 MeV. (62)

The estimate (62) agrees with the ion spectra in figure 22.
During the laser pulse passing time τ , the channel expands to the radius Rexp =

τ
√

2Emax
i /Mi , raking up the surrounding plasma in a cylinder R2

exp × Ls . Due to induced
transparency [55, 94, 95], a short ultra-relativistic laser pulse propagates freely up to the
electron density n ∼ a0ncrit , where ncrit is the critical density. Consequently, we estimate
the total number of accelerated ions as

Ni ∼ πniR
2
expLs = 2πa2

0ncrit(cτ )2Ls

m

ZMi

, (63)

where Z is the ion charge state.
The estimate (63) is valid if, during the laser pulse passing time, the channel expands to

a radius Rexp smaller than the vacuum focal spot σ of the laser. Otherwise we may substitute
σ forRexp in (63).

6.2. Ion acceleration and focusing by laser-irradiated foils

Recent experiments in which high-intensity laser pulses interact with solid targets have
revealed highly collimated beams of multi-MeV ions emerging from the rear surface of the
target [96–99]. Roth et al [100] have proposed a new approach to FI of ICF targets that exploits
these ion beams. We study properties of ion beams produced from laser-irradiated foils and
show that by shaping the foil one may focus the ion beam.

The ions at the rear plasma surface are extracted by the space charge potential of the hot
electrons [101]. The problem of plasma expansion into vacuum has been studied a lot in planar
geometry both theoretically and in experiments. Ion acceleration from the rear target surface
has been observed even at laser intensities of 4 × 1015 W cm−2 [102]. The authors of [102]
estimated the hot electron density at the rear surface and observed an anomalous stopping of
the hot electrons as they propagate through targets of different thickness.

Analytical self-similar solutions for single-temperature isothermal or adiabatic plasma
expansion have been obtained [103–105]. These solutions as well as numerical kinetic
simulations [106] show that most of the ions are accelerated up to the electron thermal energy,
while ions in the high energy tail of the distribution exceed this value several times.

Here we present 3D PIC simulations of a model problem using the code VLPL [33].
A laser pulse of wavelength λ = 1 µm and maximum intensity I0 = 1019 W cm−2 is incident

Author: Please check sentence hereThe sentence is lengthy, but correct.
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on a pre-ionized hydrogen layer of density n = 16ncrit , where ncrit = πmc/λe2 is the critical
electron density,

The proton energy spectra we observe in our simulation are shown in figure 23(a).
The three curves correspond to protons accelerated at the front plasma surface by the laser
ponderomotive push (marked by filled triangles), protons extracted from the rear surface (open
circles), and the selection of protons that would hit an ion spectrometer with 2˚ acceptance
angle placed normally to the rear plasma surface (filled circles).

In the case of short laser pulse interaction, there is not enough time to establish the
thermal equilibrium in the plasma, and the electron distribution function is two-temperature
like. The lower temperature, T c, corresponds to the bulk of background electrons, while a
population of hot electrons heated directly by the laser has a much higher temperature T h. In
the PIC simulation we can easily distinguish the hot electron population from the cold one,
figures 23(b) and (c). We see, that the colds stay within the foil, figure 23(b). The hots, on the
contrary, exit into vacuum on a distance of the Debye layer figure 23(c). The Debye layer has
a pronounced 3D shape: there is a much higher concentration of the hot electrons along the
laser axis. This is because the hot electron beam is collimated by the self-generated azimuthal
magnetic field [55]. The strongest accelerating field Ex is induced at the middle of a magnetic
torus generated by these electrons at the rear surface. This geometry reflects in the proton
angular distribution. Protons pushed forward at the front surface have relatively low energies
and large angular spread. Protons accelerated from the rear surface in the Debye plasma sheath
are much more directed and have higher energies. In the simulation, we observe some annular
structures with radii decreasing as the energy of the protons increases [101]. The rings have
pretty sharp outer boundaries. We explain these ring-like structures by a pronounced 3D shape
of the Debye layer.

The accelerating electric field Ex can be calculated as

eEx

mcω0
=
√

2
nh

0T

ncritmc2
, (64)

where nh is the density of hot electrons, T is their temperature, and ncrit is the critical density.
This field can even reach that of the laser pulse itself, and is so high that it easily ionizes the
material at the rear surface of the foil.
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Figure 23. (a) Proton energy spectra: the lines represent protons accelerated inwards at the front
surface, protons accelerated at the rear surface, and the selection of protons escaping the simulating
box within 10−4 srad solid angle around the rear surface normal; (b) X–Y density cut of cold
electron population (<100 keV); (c) X–Y density cut of hot electrons (>100 keV).
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6.3. Self-similar expansion of a foil

Although the fastest ions are accelerated in the thin Debye layer, the bulk of the ion beam has
been produced during the hydrodynamic expansion at the rear surface of the foil, driven by
the hot electrons. Here, we may apply the simple 1D similar solution for the freely expanding
plasma [103]:

u = cs +
x

t
, (65)

ni = nh exp

(
− x

cst

)
, (66)

where ni(x, t) is the ion density at position x at time t , u(x, t) is the ion hydrodynamic velocity,
cs = √

Th/Mi is the ion sound velocity with respect to the hot electron temperature Th and
nh is the initial hot electron density at the rear surface of the target. This self-similar solution
results in an ion velocity spectrum

dNi

du
= N0c

−1
s exp

(
− u

cs

)
, (67)

where N0 is a normalization that can be obtained from the energy balance Ei = Eh. Integrating
the ion distribution (67) we get N0 = Nh, i.e. the number of fast ions simply equals the number
of hot electrons reaching the rear surface. The time t needed to establish this self-similar
distribution of ions can be estimated as

t = Dc−1
s + τL, (68)

where D is the target thickness and τL is the pulse duration.
We notice that neither the total number of accelerated ions nor their energy spectrum

depend on the cold electron density, i.e. the initial solid target density. Only the hot electron
parameters are important as long as their density is perturbatively small with respect to the
target density.

6.4. Focusability of the ion beam by foil shaping

The ion beams emerging from solid targets irradiated by intense short-pulse lasers are
accelerated in an expanding plasma layer induced at the rear surface of the target by hot
electrons. The electrons are heated by the laser pulse at the front surface and then spread
through the bulk of the foil [96, 101]. The cloud of hot electrons induces the highest electric
fields in the regions with steepest density gradients and are normal to the rear target surface.
One may hope to change the ion beam directionality by shaping the foil. The first 2D PIC
simulation showing focusability of the ion beam has been done by Wilks [107]. Introducing
a spherical crater at the rear side of the plasma layer, he has observed focusing of fast protons
down to a sub-µm spot. 3D PIC simulations [25] also predict strong focusing of ion beams by
the foil geometry.

Here, we present results of 3D VLPL simulations of ion beam acceleration and focusing by
a curved foil irradiated by an intense short-pulse laser. The simulation geometry is illustrated
in figure 24. A laser pulse of 300 fs duration and 5 kJ energy is focused onto a square foil of
600 × 600 µm2 size. The laser intensity of 1 × 1018 W cm−2 is uniform over the focal spot.
The foil has an electron density 1022 cc−1 and ions have the deuteron charge-to-mass ratio.
The foil is 1 µm thick and is curved with curvature radius of 1 cm. The laser is p-polarized
and incident under 45˚ at the convex surface of the foil.
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Figure 24. Ion beam focusing by a curved foil. (a) Simulation geometry, the curvature radius is
1 cm. Ion beam cross-sections at different distances from the foil: (b) at 2.5 mm; (c) at 5 mm; (d) at
7.5 mm; (e) at the focal position, 10 mm.

Figure 25. Experiment on proton beam focusing by a curved foil [109]. The radiochromic images
are for the protons with energies 5 and 7.5 MeV.

We have chosen the simulation domain so that it just contains the curved foil. The
computational restrictions did not allow us to extend the simulation domain down to the focal
spot position 1 cm away from the foil. Instead, we registered ion momenta as they touched
the right boundary of the simulation box and then propagated them ballistically. Thus, we
were able to plot space distributions of the ion beam at different distances from the foil. These
distributions are shown in figures 24(b)–(e). We see that in the focal plane the ion distribution
has a dimension of 50×50 µm2, where 250 J of energy has been transported. This makes about
5% of the total laser energy. The energy spectrum of the ion beam has an exponential slope
with the effective ‘temperature’ of about 1.1 MeV and a high energy tail reaching 20 MeV.

The ballistic focusing of the proton beam has been experimentally detected by Roth
et al [109]. In the experiment [109], a 100 TW laser beam was shot first on a flat target
and then on a concave one. Figure 25 shows the set-up and the experimentally obtained
radiochromic film images of the proton beams. The results show a strong reduction in the
divergence of the central core of the proton beam due to the ballistic focusing.

6.5. Plasma imaging with the proton beams

The laser accelerated proton beams provide a perfect tool for laser–plasma diagnostics. Their
duration is limited to few picoseconds, they are highly directed and bright. On the other
hand, protons are charged particles and are sensitive to the fields. Experiments done by
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Figure 26. Proton beam diagnostics of electric fields generated in a microballoon irradiated by a
CPA laser pulse (see [110]).

Borghesi et al [110, 111] discover pictures of the field distribution in laser plasma never seen
before. They used two CPA laser pulses. The first pulse generates the plasma and the second
pulse produces the probe proton beam.

In figure 26 proton images taken after the ultra-intense irradiation of a 150 µm glass
microballoon are shown [110]. Filamentary structures of micrometre scale are clearly seen
here. These are electric fields self-generated in the plasma. The source for the fields is the
electromagnetic heat-flow instability [114]. It arises in the presence of two counter-streaming
currents, one carried by the hot collisionless electrons (driven by the laser), and another carried
by the cold collisional electrons (drawn to maintain quasi-neutrality).

6.6. Proposed double-layer target for the generation of monoenergetic ion beams

The laser-generated ion beams discussed so far have a quasi-thermal energy distribution. This is
a significant drawback, as many applications require monoenergetic ion beams. For example,
for hadron therapy in oncology [112] it is highly desirable to generate a proton beam with
�E/E � 2% in order to provide the conditions for a high irradiation dose being delivered
to the tumour while saving neighbouring healthy tissues. One of the ways to improve the
beam quality is to use engineered targets, more sophisticated than the simple foils. One of the
possibilities was pointed out by Esirkepov et al [113], where a double-layer target has been
proposed. The idea is to use a relatively thick first layer of high-Z material coated by a very
thin (may be, monoatomic) film of low-Z atoms. In this case all the light low-Z atoms would
feel the same accelerating field and gain the same energy. 3D PIC simulations done in [113]
suggest that the proton energy distribution could be made quasi-monoenergetic.

6.7. Acceleration of protons to gigaelectronvolt energies

The ion acceleration discussed in the previous subsections is done with now existing lasers.
Protons with energies up to tens of megaelectronvolts can be easily achieved in this way.
However, ions can be accelerated up to relativistic velocities if the laser intensity is high
enough [116–118].

Let us suppose, one succeeds in compressing 1 kJ energy into a 10 fs laser pulse and then it
is focused down to a 10 µm focal spot. This would result in intensities as high as 1023 W cm−2.
This is already close to the proton relativistic intensity (21).
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When such a super-intense laser pulse interacts with material, electrons are pushed forward
by the v × B force of the laser and produce a running double layer. The charge separation
generates an electrostatic longitudinal field Es that can be as strong as the laser pulse field
itself. This field pulls background plasma ions behind the electrons [116].

If Es satisfies eEs/Mc〈ωp〉 ≈ 1, the background ions can be trapped in the potential
well associated with the double layer, and accelerated forward to relativistic energies. Here
〈ω2

p〉 = 4πe2ne/m〈γ 〉 is the relativistically corrected electron plasma frequency. The
acceleration rate can reach 1 GeV µm−1.

Of course, the plasma must be dense enough to support such enormous electric fields.
In fact, it must be overdense, its electron density must be higher than the linear critical density,
ne > ncrit . The relativistically intense laser pulse, however, will modify the plasma frequency.
If the plasma electron density satisfies the condition ne < ncrita0/2, even a normally overdense
plasma becomes relativistically transparent for the laser pulse. This modification might be so
strong that a laser pulse with the ‘proton relativistic intensity’ (21) can propagate through solid
materials.

To demonstrate the possibility of proton acceleration to multi-GeV energies, we have made
corresponding 3D PIC simulations using the code VLPL [33]. A laser pulse of 2 kJ energy and
15 fs duration focused down to an intensity 1023 W cm−2 is sent onto a 50 µm long hydrogen
plasma layer with density n = 1022 cc−1. The simulation results are presented in figure 27.
Figure 27(a) shows the on-axis densities of electrons and ions. The immense ponderomotive
pressure of the laser pulse compresses the electron density into a layer with a peak density
of about ne ≈ 1023 cm−3. Behind this electron layer, a strong electrostatic field builds up.
In the simulation, we find that the electrostatic field reaches a value of 0.5 GeV µm−1, or
500 TeV m−1. This is about seven orders of magnitude higher than the maximum obtainable
field in the usual accelerators. It accelerates plasma protons to gigaelectronvolt energies of a
few 10 µm distance.

A bunch of about 1012 protons has been accelerated to energies from 4 to 5 GeV. The
proton density in this bunch is close to that of solid state material, 1023 cc−1. We also find, that
the most energetic protons are very directed. The angular divergence of this proton bunch is
≈1˚. The energy carried by these ions is about 0.7 kJ, meaning some 35% energy conversion
efficiency from the laser pulse.
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Figure 27. (a) On-axis density of electrons (ne) and ions (ni ); (b) longitudinal electric field;
(c) energy spectra of electrons and protons.
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Of course, the generation of laser pulses with 1023 W cm−2 intensity and just 10 fs duration
is out of reach for the present technology. However, one may hope that new ideas like OPA [11]
or the super-radiant amplification in plasma [146] will lead to such laser pulses in the near future.

7. Fast ignitor physics

One of the promising applications for powerful short-pulse lasers is the so-called FI in ICF. The
ignition of a thermonuclear burn in ICF targets requires temperatures of 10 keV in deuterium–
tritium (DT) fuel with a density-radius product of 〈ρR〉 ≈ 0.3 g m−2. These parameters define
the specific energy of 109 J g−1 and a fuel mass M ≈ (10/ρ2) µg, where the fuel density
ρ is taken in units of 100 g cm−3. The inertial confinement time of the hot spot is of the
order of 10 ps. Thus, the required power to produce it is P ≈ 10 kJ/10 ps = 1015 W [48]. The
traditional approach to ICF uses ablatively driven implosion of spherical fuel capsules [49,50].
The hot spot is produced in the centre at the time of stagnation. The snag of the matter is the
Rayleigh–Taylor instability. The scheme requires near perfect spherical symmetry to work.

FI is radically different. It separates the fuel compression from the hot spot generation.
Although the idea is old (see, e.g. [51]), it was seriously considered only after the invention of
powerful short-pulse lasers. As proposed by Tabak [52], a petawatt (1015 W) laser pulse bores
a propagation channel into the plasma corona of the imploded fuel. Then, the laser energy is
converted into a relativistic electron beam (REB), which transports it through the rest of the
overdense plasma and ignites a hot spot in the compressed core. Such external ignition may
strongly relax driver requirements for ICF. The underlying physics, however, is complicated
and not well understood.

Energy of the order of 10 kJ must be deposited in about 10 ps. This petawatt power has
to be carried by relativistic electrons leading to gigaampere currents [55]. On the other hand,
we know that there is a natural limit for the maximum electron current achievable in vacuum:
the Alfvén limit JA = mc3γ /e. This electron current transports a power

P0 = J 2
A

c
= γ 2 · 9 GW. (69)

This ‘vacuum’ limit is clearly insufficient.
In plasma, the forward current J is partially neutralized by a return current Jret, and the

maximum transportable power increases by a factor f = J/(J −Jret). For the petawatt powers
in FI, the current neutralization quality f ∼ 103–104 is needed. Although this seems to be
possible in the very overdense core, the energy transport through regions close to the critical
surface is complicated by generation of strong quasistatic magnetic fields. If this current is not
exactly compensated by the return current of background electrons, strong quasistatic magnetic
fields are generated leading to focusing or filamentation of the electron flow. This effect has
been observed in 2D [55, 56] and 3D PIC [115, 119] simulations as formation of magnetized
electron jets.

In the 3D PIC simulation, a laser pulse linearly polarized in the Z-direction of intensity
I = 1019 W cm−2 and diameter 8 µm is normally incident in the X-direction on a layer
of overdense plasma with n = 4ncrit . The laser amplitude grows linearly over 40 fs and
then remains constant. Figure 28 shows X–Y cuts of (a) ion density; (b) laser intensity;
(c) Z-component of the magnetic field after 400 fs of interaction. At this time, the laser pulse
fills in a �-shaped crater punched in the plasma layer. Very similar to the 2D results [55], we
observe that the highest quasistatic magnetic field, about 100 MG, is generated at the plasma
surface. At this time, the electron flow in the overdense plasma is already filamented, and a
magnetic field up to 50 MG in magnitude surrounds the electron jets.
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Figure 28. 3D PIC simulations for fast ignitor. Laser pulse with I = 1019 W cm−2 interacts
with a 4× overdense plasma layer. (a) X–Y cut of the ion density ni/ncrit ; (b) laser intensity,
I × 1019 W cm−2; (c) Bz field, 100 MG; (d) electron power in percents to the incident laser power
after 400 fs of the interaction. (e)–(g): Filamentation of electron flow through the overdense plasma
region and formation of magnetized electron jets. Y–Z cuts at X = 15λ of the electron power
density transported in the forward direction for three times: (a) 150; (b) 300; (c) 400 fs.

The temporal evolution of the electron beam filamentation is depicted in figures 28(e)–(g).
It shows transverse Y–Z cuts of electron energy flux in the X-direction in the overdense region
after 150, 300 and 400 fs. It is seen, how the initially uniform electron flow starts to filament
and self-organizes into successively stronger electron jets.

The laser energy conversion into fast electrons in this 3D PIC simulation reaches 45% at
the channel boundary, figure 28(d). In 3D PIC simulations we also observe a fast, almost
linear, decay with distance in the power transported by the fast electrons, figure 28(d).
This corresponds to an anomalously high stopping and energy deposition in the overdense
region [56]. We attribute this stopping to a large extent to the Weibel instability [120].

7.1. Weibel instability and coalescence of the current filaments

The system of a beam and a compensating plasma current is subject to filamentation (Weibel)
instability [120] and decays into current filaments on the timescale of the beam plasma
frequency ω−1

b = (4πe2nb/me)
−1/2, where nb is the REB electron density. The non-linear

dynamics of these filaments have been studied in [122] and more recently in [121, 123],
including movable ions.

Honda et al [121] have made 2D PIC simulations of the transverse beam dynamics.
A laser pulse was absent and the simulation, started with a current- and charge-compensated
system of a beam and a plasma. The authors of [121] have found that on the non-linear stage,
the current filaments interact with each other as individual objects. The residual screened
magnetic field leads to their consequent coalescence, and each act of coalescence dissipates
a sizeable fraction of the directed beam energy into transverse electron heating and magnetic
field. This is seen in figure 29, where the temporal evolution of the forward (Z-direction)
electron power flux �+ = −∑vz<0 mec

2〈(γ − 1)nevz〉 is shown. Each ‘step’ in the curves in
figure 29 happens when a pair of current filaments merge. The PIC simulation included fully
relativistic binary collisions; however, the collisions played only a minor role. Stopping seen
in figure 29 is several orders of magnitude higher than the classical one.
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Figure 29. Temporal evolution of forward-directed electron beam power for full simulation
including ion motion (——) and for ions kept fixed (——). Collisional effects are included in
both cases.

Figure 30. Upper row: Jz current density plotted in the transverse (x, y) plane for times given,
lower row: corresponding space charge density, given for times ωpt = 120 (a) and (e), 200 (b) and
( f ), 300 (c) and (g), and 400 (d) and (h). Arrows mark spots of imploded ion cores; for explanation
see text.

We see, however, that the anomalous stopping is active at the stage of the non-linear
coalescence only. There is no stopping at the initial linear stage, up to ωpt = 25 in figure 29.
The magnetic field is not yet strong enough to bend the electrons. At the final non-linear stage,
when a single filament survives in the simulation domain, the stopping is almost absent in the
case of fixed ion background, and small with movable ions. To understand this, let us look
closer at the transverse dynamics of the filaments.

An example of the current pattern that now evolves is shown in figure 30(a) for ωpt = 120.
One observes four beam filaments (red spots), each surrounded by a return current sheath
(bluish rings), which screens the magnetic field. Frames (a) to (d) of figure 30 display temporal
evolution. Filaments A and B in frame (a) attract each other and merge into filament AB of
frame (b). This coalescence is related to a sudden drop of beam power by 15%, seen in
figure 29 at ωpt = 160. The corresponding energy is converted into magnetic field energy and
transverse electron heat. The next step occurs at ωpt = 420 corresponding to the coalescence
of filaments AB with C. The gradual decrease of beam power between the steps is correlated
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with the pinching of the filament cores and the cylindrical expansion of the return current
sheaths seen in figures 30(b)–(d) both of which lead to an increase of magnetic energy.

When the ions are kept fixed, the system may be described by pure electron
magnetohydrodynamics [124]. The transverse filament dynamics is governed by the
longitudinal component of the magnetic field, Bz, in the form of the Hasegawa–Mima equation
[125, 126]:

ω2
p∂t

(
Bz − 1

k2
p

�Bz

)
+

1

k2
p

e

mc3
∇Bz × ∇�Bz = 0. (70)

Here, the stream function for the transverse electron fluid velocity conforms to v⊥ =
−(c/4πen)ez × ∇Bz [127]. Although the ‘core’ region of the filaments must be described
kinetically, equation (70) is perfectly valid in the ‘mantle’ region outside the separatrix,
where the cold return current flows. It is found that a filament moving with a transverse
velocity u is represented by the dipole vortex solution of (70): eBzez/mcωp = (u ×
r/c|r|)kpRK1(kpr)/K1(kpR) for r > R [126]. Here K1 is a modified Bessel function. This
vortex solution is known to be stable and works as a ‘waveguide’ for the beam: there is no
collective stopping until the filament is destroyed.

We see these vortices in the simulation when plotting Bz. Figure 31(a) gives an example
for two filaments just before merging, which is seen in the current plot figure 31(b) as the
stretched current filament. As the filaments are moving toward each other, the polarities of the
dipoles are opposite.

With ion motion included, the dynamics changes after a few ion plasma periods,
ω−1

i = √
mi/me/ωp. The magnetic field B of each individual filament exerts a magnetic

pressure PB = B2/8π on the surrounding plasma, up to 1 Gbar for 160 MG. It depletes the ion
density around the beam such that the beam gets trapped in the ion profile and any transverse
displacement involves ion inertia. Therefore, the time τ between coalescences becomes longer,
and there is a different mechanism involved. Due to the magnetic pressure, the return current
sheaths expand radially. The field energy grows with the void volume inside the separatrix
at the expense of beam power and accounts in part for the gradual beam stopping between
coalescences. Filament coalescence occurs when the separatrices of neighbouring filaments
touch (see figure 30(d)) such that the unscreened cores start to see each other and merge.
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Figure 31. (a) Bz-field related to electron vortices from a simulation with fixed ion background,
plotted in the transverse (x, y) plane for time ωpt = 120; (b) corresponding Jz current density
distribution. The stretched current filament (marked by arrow in (b)) actually consists of two
beam filaments just before merging; the dashed arrows in (a) indicate the drift velocities of these
filaments.
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(a) (b)

Figure 32. Ion velocity distribution (βy ) plotted along the cut in the Y -direction shown as vertical
bar in the colour inserts for (a) ωpt = 300 and (b) ωpt = 400. The green bands in (b) mark the
region around the filament core which is practically void of plasma and only filled with magnetic
field. The simulation is the same as for figures 29 and 30 with movable ions.

The filament coalescence in this case leads to transverse ion acceleration in the collisionless
shock of the expanding core [106]. The generation of the fast ions is seen in figure 32. The
dynamics of ion implosion is so violent that it may even lead to neutron production in fusion
fuel. Besides ion acceleration in electrostatic fields directly produced by laser interaction, the
pinch dynamics of current filaments is, therefore, still another mechanism that may contribute
to the neutron production observed in recent experiments [58, 92, 93, 128]. In the present
simulation, the overall ion heating amounts to 3% of the total energy at t = 100 fs. The bulk
of the dissipated energy goes in equal parts to magnetic field energy and transverse electron
heating, leading to an isothermal equilibrium ∇B2/8π ≈ Tb⊥∇nb with transverse temperature
Tb⊥ � 100 keV.

These simulations are 2D. Still, we were unable to simulate the full cross-section of a
petawatt laser beam. Rather, we were focused on the detailed non-linear dynamics of individual
current filaments. Of course, the 2D geometry of this study has its limits. Still, many of the
effects found by Honda et al [121] have been confirmed later in 3D PIC simulations [24].
However, there are differences as well. The 2D PIC simulations suggest a full current
separation: the return current is completely expelled out from the filament. This may be a
2D effect. 3D PIC simulations [24] show that the current separation is incomplete, and there
is a significant compensation by the return current. One may guess that this compensation
is caused by the beam heating in the way of electrostatic beam–plasma instability (BPI). The
longitudinal BPI is excluded by the geometry used in 2D simulations of transverse beam
dynamics and is present in full 3D PIC simulations.

7.2. Cone-guided FI

As we have seen above, transport of the laser power by electrons over large distances can be
plagued by the Weibel instability. In addition, the channel boring by a powerful laser through
overdense plasmas is also an unsolved problem. To avoid these difficulties, the cone-guided
scheme has been proposed by Norreys et al [129]. The idea is to insert a guiding gold cone into
the fusion capsule. It has to keep a path free of plasma that must reach close to the centre at the
implosion time. The scheme has been simulated by Hatchett et al [130]. The first experiments
done in Osaka [131] give very promising results.

7.3. Proton FI

Another way around the Weibel instability is to use massive particles for the energy transport.
The Alfvén current limit for protons JA = Mpc3γ /e is much higher as the protons are heavier
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than electrons. In addition, the proton beam may consist of more energetic particles, as the
protons are better stopped in plasma. Roth et al [100] have proposed to use the protons
accelerated at the rear surface of a foil for FI. These proton beams are usually charge-
compensated as they capture electrons naturally present in the plasma target. Thus, the Weibel
instability might not be an issue at all in this case. However, the proton acceleration is a many-
step process: first, the laser energy must be converted in hot electrons; second, these electrons
must reach the rear surface of a foil; third, the electron cloud must survive long enough to
accelerate protons to the sufficient energy. It must be shown yet, that this procedure gives a
sufficient number of protons in the right energy range, reaching the target during the inertial
confinement time, and focused down to a small spot.

7.4. Other approaches and simulations of FI

The central theoretical problem with the FI concept is the absence of a reliable numerical code
that could simulate it for realistic parameters. The configuration of the FI contains too many
time and space scales simultaneously that cannot be neglected. The process of laser energy
conversion into electrons is kinetic and happens on a femtosecond timescale. The electrons
propagate through overdense plasma and might be filamented down to the background plasma
skin length, that is less then 0.01 µm in the dense core. The distances that the electrons must
traverse amount to some 100 µm. The total interaction time is not smaller than 10 ps. Clearly,
a direct PIC code can be applied to test problems only, simulating just a small piece of the full
configuration.

Alternative attempts include the classical diffusion model published by Hain and Mulser
[132]. More reliable could be radiation-free PIC methods based on the resistive MHD approach
and paraxial beam propagation [133, 134]. Probably, one should look for a hybrid approach,
where different processes are modelled on their own scale and then combined, but such a code
has to be written yet.

8. High harmonics from solid surfaces

One of the intriguing practical problems is the frequency up-conversion of a laser pulse.
There are a number of applications, where a source of (preferably coherent) radiation at short
wavelengths is needed. Particularly, the range of wavelengths at 2.3–2.4 nm (the so-called
water window) plays an important role in biology and medicine. In this wavelength region,
oxygen is transparent, while carbon is strongly absorbing.

One of the possibilities to reach this ‘water window’ is to exploit the relativistic
nonlinearity. Indeed, it is known that a single electron in a relativistically strong laser pulse
easily emits at high harmonics [135]. Unfortunately, these harmonics disappear to a large
extent, when we consider not a single electron, but an electron cloud. The reason is that all
the electrons in the cloud radiate at different phases and the harmonics are removed by the
destructive interference. The harmonic emission is then incoherent [136, 137].

In plasma, however, one finds a collective mechanism of high-harmonic generation. Let
us consider a laser pulse falling under some angle at a sharp surface of overdense plasma,
ωp > ω0 (see figure 33(a)). If the laser pulse is linearly polarized, then the ponderomotive
pressure Ppond ∼ ∇a2/2 acting on the plasma surface contains a term oscillating at twice
the laser frequency Posc ∼ a2

0 cos 2ω0t . This term forces the plasma surface to oscillate at
the same frequency. The surface can be considered as an oscillating mirror then. If this
‘plasma mirror’ oscillates with nearly relativistic velocities, then the laser pulse reflected out
of it contains harmonics. Even if the surface position X(t) oscillates nearly harmonically,
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X(t) ≈ v0 cos ωt , it is seen as unharmonic X′(t) = X(tretarded) = X(t + (X − x)/c) by an
observer at the position x, if the velocity v0 ≈ c (see figure 33(b)).

For the first time, laser harmonics from plasma surfaces have been predicted in 1D PIC
simulations by Wilks et al [138], and the explanation in terms of ‘oscillating mirror’ has been
suggested by Bulanov et al [118,139]. The systematic study of harmonic generation including
development of a detailed analytic model has been done by Lichters et al [140].

Figure 34(a) taken from the work [140] shows the wave of electron density excited at the
plasma surface under action of the incident laser pulse. Although the surface of critical density
exhibits a nearly harmonic oscillation with marginally relativistic velocity, the spectrum of the
reflected laser pulse contains a number of high harmonics, figure 34(b).

The generation of high harmonics has been successfully observed experimentally
[141–143] and in other PIC simulations [144].

The theory [140] predicts that the harmonic generation is most effective when the plasma
electron density is just ne = 4ncr. In this case, the resonance between the plasma frequency
and the second harmonic of the laser pulse leads to violent oscillations of the surface. However,
it is very difficult to find a material with such a low density and sharp surface to check this
resonance.
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Figure 33. (a) Harmonics are produced as the light is reflected from the oscillating plasma surface;
(b) a nearly harmonic surface motion is seen to be highly unharmonic by an observer due to the
relativistic retardation.
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Figure 34. (a) Laser-driven surface oscillations; (b) harmonic spectrum from the work of Lichters
et al [140].
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Another important result of the theory [140] is the harmonic selection rule. It states that,
first, when a laser pulse is incident normally on a plasma surface, a linearly polarized pulse
generates only odd harmonics, while a circularly polarized laser pulse produces no harmonics
at all. Second, when a linearly polarized pulse is incident under an angle to the surface,
then an s-polarized laser pulse generates s-polarized odd and p-polarized even harmonics; a
p-polarized laser pulse generates p-polarized odd and p-polarized even harmonics.

The generation of surface harmonics has been used recently in an experiment, where
the magnitude of a self-generated magnetic field on the surface of a solid target has been
measured [145]. Magnetic fields stronger than 340 MG have been detected in this way.

9. Amplification of sub-10 fs laser pulses in plasma

In the previous sections, we have seen how plasma can be used for laser-particle acceleration
and how beams of the fast particles propagate through overdense plasmas. Another very
interesting application is to use plasma as a medium for amplification of short laser pulses.
The conventional CPA laser technology may reach its natural frames in the near future. The
reason is the finite energy fluxes the solid materials can sustain without destruction [1]. The
usage of plasma can increase the highest energy fluxes by several orders of magnitude.

The scheme employing colliding laser pulses in plasma has been proposed recently for
laser amplification [146]. When two laser pulses of different frequencies collide in plasma,
they may exchange photons. According to the energy conservation law, photons of the higher
frequency beam (pump laser) are scattered into the lower frequency beam (signal). This
scattering happens due to the electron density perturbation caused by ponderomotive beating
of the two lasers.

The ponderomotive force acting on plasma electrons is

Fp = mc2∇ |a|2
2

, (71)

where a = a0 + a1 is the vector potential of the two laser pulses, the indices ‘0’ and ‘1’ indicate
the signal and the pump pulse, respectively. In the case of two counter-propagating pulses,
the ponderomotive force (71) contains the large cross-term Fp ∼ 4(k0 + k1)a0a1/2. This
cross-term produces a ponderomotive lattice with wave vector ks = k0 +k1. A plasma electron
trapped in the lattice oscillates with the bouncing frequency

ω2
b = 4ω2

0a0a1 (72)

around dips of the ponderomotive potential.
The electrons begin their motion in the ponderomotive lattice when the head of the signal

pulse reaches them. Depending on the initial position of an electron in the plasma, it starts the
oscillation at a different phase. After a quarter of the bouncing period, the electrons are bunched
around the minima of the ponderomotive potential [146]. Thus, an effective ‘diffraction grid’
of electron density appears and scatters back the pump pulse. The electron density grid exists
only for another quarter of the bouncing period, and then is smoothed away. The total lifetime
of the electron bunching,

τb ≈ π

ωb

= π

2
√

a0a1
, (73)

defines the signal pulse duration. If the signal pulse is initially shorter, its duration gets self-
adjusted to τb in the amplification process. If, however, the initial signal pulse is much longer
than τb, it undergoes self-modulation with roughly the electron bouncing period and ends up
strongly distorted.
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In the case ωb > ωp, the plasma generated electrostatic potential can be neglected, and
the electrons can be considered ‘free’ and interacting with the laser pulses only [146]. In this
‘free-electron regime’,

a0a1 >
n

2ncrit
, (74)

the electron density is completely modulated. Then, we may estimate the pump depletion to be

�a1 ≈ n

ncrit
ω0τs, (75)

where τs is the signal pulse duration. If the pump depletion is small, �a1 � a1, the signal
intensity grows quadratically with distance z:

a2
0 ≈

(
n

ncrit

)2

(k0z)
2a2

1 . (76)

This corresponds to the super-radiant amplification [146].
When the pump depletion (75) becomes significant, �a1 ≈ a1, the quadratic growth is

no more possible, because the pump intensity varies significantly inside the signal pulse. This
is the regime of highly efficient pump conversion into the signal. The signal energy grows
roughly linearly with distance:

cdz(I0τs) = I1, (77)

where the signal pulse duration τs is supposed to remain constant.
To illustrate the mechanism, we present, here, a 3D PIC simulation. The short, 15 fs,

seed pulse of initial intensity I0 = 2 × 1015 W cm−2 and wavelength λ0 = 1080 nm collides
with a 12 ps long counter-propagating pump pulse of intensity I1 = 5 × 1015 W cm−2 and
wavelength λ1 = 1000 nm in an underdense plasma, n = 6 × 1018 cc−1. The detuning has
been chosen to be close to the plasma frequency, because the seed pulse intensity was below
the ‘free-electron’ regime (74). This regime, however, is rapidly achieved in the amplification
process. The laser pulses have different radii initially. The pump pulse has radius r1 = 20λ1,
while the initial radius of the seeding pulse is about twice smaller, r0 = 10λ0.

The 3D perspective view of the amplified signal pulse is given in figure 35. The picture
is taken after the short pulses has passed 2.5 mm of the underdense plasma. Figure 36 shows
longitudinal and transverse sections of the signal and pump pulse. The frame figure 36(a) gives
a series of snapshots of the signal pulse as it propagates through the plasma. The intensity of
the short pulse grows quadratically with distance at the beginning, and then linearly, as the
pump pulse depletion becomes significant. The frames figures 36(b), (c) show longitudinal
cuts of the signal and the pump after the amplification distance of 2.5 mm. The signal remains
a clean short pulse with the FWHM of 8 fs. The pump depletion has reached about 30% at
this stage. The frames figures 36(d) and (e) present transverse cuts of the signal and the pump.
The broken line in figure 36(e) shows the pump profile after the interaction with the signal (the
depleted pump). We see that the initially narrow signal pulse did grow in radius and practically
reached the pump transverse size. The full power amplification of the signal in this process
has reached a factor 1000.

The experimental realization of the SRA is by far not simple. First, one needs two
synchronized laser pulses of different wavelengths. Second, the signal pulse must have a
very low pedestal, otherwise the backward scattering instabilities (like the Raman and/or the
Brillouin ones) pre-heat the plasma and destroy the optimal amplification conditions.

The first experiments on super-radiant amplification done at Max-Planck-Institute for
Quantum Optics in Garching have shown the energy amplification of the signal pulse by a
factor of almost 10 [148].
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Pump
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Figure 35. The short pulse (the red disc) after being amplified in plasma by scattering back a long
low-intensity pump pulse over a distance of 2.5 mm.
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Figure 36. (a) A series of snapshots of the signal pulse as it propagates through the plasma;
(b) longitudinal cut of the signal; (c) longitudinal cut of the pump; (d) transverse cut of the signal,
(e) transverse cut of the pump before (——) and after (- - - -) interaction with the signal pulse, the
pictures are taken after propagating 2.5 mm in plasma.

10. Conclusions

The physics of strong field laser–matter interaction is a dynamically developing field. In this
review, we have tried to digest some of the important physical effects emerging at relativistic
laser intensities, as they appear in 3D PIC simulations. We have seen how the laser pulses
filament and self-channel in plasma. The laser channels carry strong currents of relativistic
electrons and are surrounded by self-generated quasistatic magnetic fields. We considered
different mechanisms of particle acceleration in plasmas leading to directed beams of fast
electrons and ions. The electrons are accelerated either directly by the laser field in plasma
channels, or by the longitudinal electric field of a plasma wave. The accelerating fields acting
in laser–plasma are orders of magnitude larger than those in conventional accelerators and
a quasi-monoenergetic beam of 400 MeV electrons is produced over a distance less than a
millimetre. The ion acceleration is always mediated by plasma electrons: being the lightest
particles, they gain energy first. Later, the space charge of hot electrons pulls the ions. Changing
the geometry of the target, one may influence the directionality and properties of the ion beams.
Being a non-linear medium, the relativistic plasma leads to a generation of high harmonics.
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These harmonics are generated in a coherent way when the laser pulse is reflected from a
boundary of overdense plasma. We have also touched on the possibility of using plasma as a
medium for short laser pulse amplification in the colliding beam configuration.

These are only a few examples of new physical effects appearing in the highly non-linear
regime of relativistic laser–matter interaction.

Acknowledgments

This work was supported by Alexander von Humboldt Foundation and BMBF/Bonn in the
frames of Sofja-Kovalevskaja programme, and by DFG. The simulations have been done on
CRAY T3E at Rechenzentrum Garching and on CRAY T3E at John von Neumann Institut for
Computing, Jülich.
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